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Tentative Course Material:
1. Internal loadings on beams and frames
2. Stresses on beams and frames

3. Stress/strain transformation

4. Mohr’s circle for stress and strain

5. Strain Rosettes
6

7

8

9

. Generalized Hooke’s law
. Theories of failure
Deflection using integration method

. Moment - Area Method
10. Strain Energy
11. Virtual Work
12. Statically indeterminate beams and frames
13. Castigliano’s Theorem
14. Buckling
15. Influence Lines

Marking:
Tutorial Exercises: 10% Checked at the end of tutorials
4 Quizzes @ 10%: 40% Held on dates announced in class
Final Examination: 50%
Bridge Competition: Bonus
Notes:

- Each week, a number of suggested problems will be given to serve as background study for

the quizzes. Solutions are not to be handed in.

- Teaching Assistants will provide one-to-one help and will prepare you for quizzes.

- Course notes, solutions to suggested problems, and solutions to quizzes will be posted on the

course web site.
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Mechanics of Materials

Objectives:
- Solve Problems in a structured systematic manner;
- Study the behavior of bodies that are considered
deformable under different loading conditions; &
- Analyze and design various machines / systems

a) Equilibrium of a system subjected to Forces
(i.e., Resultant of all forces on the system = 0)
Three Equilibrium Conditions:

1. §>X+ components of all forces =0

Zfi y components of all forces = 0
3. \\Z»M (moment at any point) = 0
+

b) Types of Supports

Supports exert reactions in the direction in which they restrain movement.

Roller 'ﬁ'
Support \ O > ’ ﬁf %
(restricts in one Rubber é + &

direction only and — 1
allows rotation)

Hinged or Pinned 'ﬁ' Y,
Support (restricts in two ® . ? _"ér
ways and allows rotation) é T T

Fixed Support ’
. ) . . /|
(restricts in two directions |:| —\Q’ /
and also restricts rotation) T ,

, .
~ Force in

Intermediate Pin or Hinge ’ ? ] ~ é direction of

(Gives one extra condition) T Gives extra condition 777y member

> MRight=0 1'
2ZMiet =0

Examples:

© Dr. Tarek Hegazy 4 Mechanics of Materials Il



s | e |

d)

Unstable
Does not return to original shape if load is released

© Dr. Tarek Hegazy

Structural Representation of Real Systems

Stability & Determinacy of Structures

A stable structure can resist a general force immediately at the moment of applying the force.

_3__._.

F, e @)
Flonswwyt aq
== vy (b)
23, o

4

Stable
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1. Beams:
r = unknown support reactions. *
¢ = additional conditions

a0
@

s
T

2. Frames:
j = No. of joints
m = No. of membrs
r = unknown support reactions
¢ = special conditions

j=3;m=2;¢c=0;r=3
Then,
Stable & Statically determinate

3. Trusses:
j = No. of joints
m = No. of membrs
r = unknown support reactions

if m+r>2j

- A statically determinate structure is when the reactions can be determined using equilibrium equations.

if r<c+3 Unstable
if r=c+3 Statically determinate
if r>c+3 Statically Indeterminate

r = 3 (two at hinge + one at roller)
¢ = 2 (two intermediate hinges), then,
r<c+3 Unstable

r =5 (four at hinges + one at roller)
¢ = 2 (two intermediate hinges), then,
r=c+3 Stable & Statically Determinate

r=

r= , then

r = 4 (three at fixed end + one at roller)
c =0, then

r>c+3 Stable & Statically Indeterminate

if 3m+r<3j+c
if 3m+r=3j+c
if 3m+r>3j+c

Unstable
Statically determinate
Statically Indeterminate

@) @)
s L
if m+r<2j Unstable
if m+r=2] Statically determinate

Statically Indeterminate

o’
j=8m=12;r=3
Then,
m+ 3=15<2j, or Unstable

© Dr. Tarek Hegazy 6
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1. Internal Loadings on Beams & Frames

Step 1: Get Support Reactions
(Load on the Whole structure is carried by the supports)

Sign Convention
for Equilibrium:

TFR=0 X% =%
TFR=0 XTh =Z].
_|._

>M=0 Z
2\ ay /X

point

Considering the whole structure

Step 2: Get Internal Forces at various points
(Load to the left side of point = Loads to the write side of point)

Sign Convention
for Internal Forces:

4. +ive -9’

B.M.D.
S.F.D.
N.F.D

P

Important Note: a ¢ b
y.- =3
A L2 L2 'S
P2 . o2
PL/4

s T s Y

A section at point b shows that the internal bending
moment (from each side separately) has a positive
sign. Yet, it is in equilibrium from both sides.

Important Rule: To get the internal forces (B.M. & S.F.) we always calculate from one side.

© Dr. Tarek Hegazy 7 Mechanics of Materials Il



Internal Forces: B.M.D., S.F.D., & N.F.D.

Reactions:
1. Check stability of the structure.
2. Assume directions for the reactions and apply P¢
Equilibrium equations at any points, considering the
whole structure (i.e., both sides around any point). —/;— ﬁ
A L2 L2 A
3. Get reactions with correct directions. Check the PP | : |
equilibrium of a new point to make sure reactions are OK. P2
B.M.D.: P
4. Identify points of change in load or shape. a ¢
. o oo ¢
5. Calculate the moment at each point, considering only A b ;éz
one side of the structure and the sign convention.
i.e., Left of pointa, B.M. =0; P12 Po
Right of point ¢, B.M. = 0; and
Either left or right of pointb, BM.=+P.L/4
) . +PL/4
6. Draw the B.M.D. using the values calculated in step 5,
then connect these values. 0 0
B.M.D.
7. Check if the B.M.D. is logical. v A
S.F.D. and N.F.D.:
8. Start from the left of the structure and draw the total PP
values to the left of each point, following the load
changes and the sign convention. S.F.D. ﬁ é
-P/2
Rules: End B
g Free end Pin ¢
. M. = o 9
1. B.M. atfreeend=0 / M
2. Any support has B.M. on top of it, unless it is an end pin, end roller, or an intermediate pin. WL2/8
w M
3. The B.M. at the middle of a UDL is +wL?8. " QUL Ma °
L

4. Any connection has same B.M. (value and sign) at its two sides.

+M
5. Shear curve is one higher degree than load curve. M <\L—
Connection is in equilibrium
6. Moment curve is one higher degree than shear curve.
7. Moment is maximum at the point where shear = 0. «—

8. Between any two points:

- Areaunder load = difference in shear

- Area under shear = difference in moment
- Slope of shear curve = - (load trend)

- Slope of moment curve = shear trend

© Dr. Tarek Hegazy 8 Mechanics of Materials Il




Examples:

2KN/m
LUy

<™

B o FH B
| | |

1]

3

e 3

w KN/m
DL

e By

+PL/4

‘ w KN/m
LU

- =2 -4 5

w KN/m

F,
P E—

2 KN/m
LULLCEEL L L L

v

o A

P A

2 KN/m
NNNANRRRNA AR RN A ANARRN AR 3

v

37 A
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Examples: Calculate and draw the S.F.D. and the B.M.D.

'Iiﬁ--m-l_r‘-"-‘____‘-_ .
\]lit.‘«l m

Beading Momem

233ENm
o EN-m M EN-m
o )/—
Moment

ey ¢
= = —
i ¥ (]
fm.n L tm ;' ‘ ‘
b e :‘"“\.._‘__\\-_ . I_ ______
300 b L I_-‘h-\'-\_h\] ] +
mhear L : I = it
] Jocs i ="
: by s M Moo= ..sr.! ! i
.lumlb/\ | PFL }”‘"$
;q;m J_, " | X ¥
e} -
I Im i m 15 km " B00 Thife 0, 03 -0
.|4.|_ H.l-\ _-1'3 z o] C -l—-z 0 -ﬁﬁ -
1EN IkNm f LN !—, Im 2&--' I 12 rﬂ._l
{a) 3w Ans.
Ans
| I —""IN oy
Shear B i : 5520 1k
it I—lmm——]\_____h;'_'“ Shear L

P Ilm th

10540 -1
N.mm
rR -

Bending Momeni

TN i ]:[[[ r siihl lltl.IIIbI'h
0 kh i 7 A B C
2% Nim = :
T P v ===
waf:#w ; . T)IIITN-m T | w ¥ | i
il W | s f. th.
Axna, + ¥ 1.2 m + Y W PORE |
T 036 m i |
BN
| - (+) BT
e o] [
N 'S — B0 M
T—- __-_-'--..___-‘-“‘ 1SN &
Wik (¢) Shear force disgram a
‘ /\ &) Shear sl - > —rg
Rinding Meomsnt + A A E ! 1 g
0,3 m E' = 12,
— g i-.‘
— 28R N-m =1 o
Solved examples 6-1 to 6-6
- 1117 N-m
Note on simple beam with distributed load:
© Dr. Tarek Hegazy 10 Mechanics of Materials Il




Graphical Approach:

Stability & Determinacy - Reactions — N, V, & M Relations — Draw Diagrams

miwiha

i),

—pm————

LEETH]

-

M veay

LY
Frv-buly disgram

il e prcnl L o

% = =wix]
b M:wf = ~distributed
[i] shear diagram  load intensity =N
" 4t each poid  f each paint AV J‘Hi.ﬂrll!
Va ey change in = —area under
l"x_ . shear distributed loading
¥y
an
e g ek
., lﬁ"l‘! ol = slezar
Ve 1] f moment diagram  af each
i at each poini piml
¥ A
' i AM = f Vix) dx
k change in = area under
moment  shear dingram
Momes [Nagram ﬁ- ¥
v
Ll
", I
“I

Rules:

1- Shear curve is one degree above load curve

2- Moment curve is one degree above shear curve

m‘#ﬂmh-*‘.rl'_.

|3- Moment is maximum at point with shear = 0

4- Between any two points: (look at table)

- Areaunder load = difference in shear

¥y
V/
Ny
M,
Wi sl that decrranes from ¥, b0 ¥

- Area under shear = difference in moment

Slope of shear curve = - (load trend)

t
¥y | Megasve slope that desazmans fiomn o 20wy

¥
/"J

Pomimivt abopes th decremian fomen 1y b0 V.

- Slope of moment curve = shear trend

Solved examples 6-7 to 6-13

© Dr. Tarek Hegazy
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Examples: Calculate and draw the S.F.D. and the B.M.D.

L F L P orpn RLe
g e
-~ a - o]
-‘FE. L

3

SV LI L3 L3 L%

i+ P

fd p Shear force dingram

3 pr

[F3

i#) Bending masment dingrim

From point a to point b:
- Load curve =
- Shear curve =
- Moment curve =
- Areaunderload = = difference in shear =
- Area of shear =
= difference in moment =
- Shear at point of max. Moment =

- Max. moment can be calculated from shear diagram =

- Slope of shear curve =

- Slope of moment curve =

500 1h L] 200 It
EEREEEE EE Tr :_:FI

] a b

% | Z{;}J

+¥i . + 2500 {mux, shear)
-l = 1500
_ ;i |
| | - -
so0l_t-) | | ©)
T 1500 (4 1500

(¢) Shear force diagram

+ M
L 125 e+ 5625 (max. mament)

From point a to point b:
- Load curve =
- Shear curve =
- Moment curve =
- Areaunder load =

= difference in shear =

- Areaof shear =

= difference in moment =

- Shear at point of max. Moment =

- Max. moment can be calculated from shear diagram =

- Slope of shear curve =

- Slope of moment curve =

© Dr. Tarek Hegazy
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2. Stresses on Beams and Frames

Forces and their effects at different points:
|
|

|Concentrated Load | Distributed Load | | Rotation (Couple) |

Types of Forces on a Cross-Section:

Axial Force = P gicul Bending Moment = Direct Shear = Force in Torsion = Couple in
X1 otrC()e(—S etr'pen icutar Couple Normal to Plane the X-Section Plane the X-Section Plane
0 X-Section

© Dr. Tarek Hegazy 13 Mechanics of Materials Il




Types of Forces:
| | 1 ] |

Shear Stresses

Stresses

In narrow rectangular beams,

" Tmax =1.5V/A v
Shape of
mn::u:ulinn T ¢
Sopuane:
a axLT FnTL
at ata
il I
-l. = E Equilateral triangls
P Er
i a LYo 46 TL
W G
b
Ellipse
ol 21 |t phre
o mal? mahG
I"T-I- a '1
© Dr. Tarek Hegazy 14 Mechanics of Materials Il



Example: Determine the forces at section A
z

Equilibrium equations for each segment:

> Mx=0, >My=0, >Mz=0
Y Fx=0, >Fy=0, YFz=0

Examble: Determine the internal stresses at points A, B, C, & D

Note: When the structural system is: , then

the free end is a good starting point for the analysis.

800 Ib

Mx=800x10

A

Mz=500x14

C
V =3 KN
T= 3KN T/l
| 1.5 kPa My =10.5 KN.m =153 MPa
3m
g C C
o B
) = D
Y g |
/] Ty My =10.51b.in M. x/1=107 MPa
2m - D
.-'I/: C
l'/ L‘QJ& A B
A

© Dr. Tarek Hegazy
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Example:

Calculate normal stresses at section d
and also at the section just below c. Zm

First, we get the reactions.

L
Far Sechion :‘ % N =
M, =
B == So0xBo0 = Zlog v 4
I = 30080"_ zgx 10" ©- £
< aF M. _ —6oa0 - 4ix 10
& meTgu =g Zhoo - 128 x 1ok 9
Stop= =25+ 032x o = + 10:3 Ky’
St = —25 +032 (o) = —153 Kyled
For sechion  just below C:
N=
M:|=
-
A= Z=ox lag = =aad Cimy
I,= _30 (w0o)® _ o, 10° Cm
Lz 5
=17300 2hx 10
= . Nhx=FH -
= — 58— 096 »
.;;,,,_j_‘_—_ -58-06x50 = — S3.83 ky/c?

et = —s-8 —098 C—Eﬂ) - + h22 h1 fCHz

Solved Problems 6-14 to 6-20, 7-1 to 7-3, 8-4 to 8-6

10k 10k
; | !
= d
c
1
= &t b
. 173k L Livm _!- o T
3
% ﬁ_x
‘ |=€Il
Sec. ab d
5 Ya
sl 1 *

© Dr. Tarek Hegazy 16
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3. Transformation of Stresses

- Member under tension only (P) in one direction, i.e., a normal stress. But, let's consider an inclined plane.

=A/CosO

Gy P Cos 8
e\é
P Sine
cg=(P Cos0) /(A/Cos6) or

P, o, =P/A

Very important conclusions:

Gp = Oy Cos?0
- Under tension only, shear is automatically present at various planes. To =% oy Sin 26
- The plane of maximum shear is when Sin 26 = max or when 6 = 45,

- Maximum shear = oy /12 = P [ 2A
- It is important to study stress transformation and shear failure.

- Member under two dimensional stresses. Positive Signes
y
OyA
—— Txy
T L. Ox X
Questions: y'

Is this the maximum stress? If not, then X
What is the value of max. normal stress & its orientation? and
What is the value of maximum shear stress & its orientation?

General Equations:

e ol e —

— 2 eoe ? - 2im 2
Oy =—a—+ 5 cos 26 + 7., sin 26
Fet0% O — 05 .
Oy = {T ———2003 20 — 7, Sin 26
T — Fy .
T == {—,, =sin 260 + 1., cos 260
2 75 MPa

Example: _1_’ 60 MPa
For the given state of stress, determine the normal and shearing
stresses after an element has been rotated 40 degrees counter-clockwise. 30 MPa

ox = +30 MPa; o, = -75 MPa; Txy = +60 MPa; 6 =+ 40 Y.

Applying the above equations, we get:
oy = +45.7 MPa ; o, = -90.7 MPa ; Tyy = -41.3 MPa

Solved Examples 9-2 to 9-6

© Dr. Tarek Hegazy 17 Mechanics of Materials Il




Important Observations:

1.0x + oy = Oy + Gy =Constant
Sum of normal stress is constant (90 degrees apart) for any orientation.

2. The plane in which shear stress Tyy = 0 is when:

o — Ty .
Txtyt = —Tﬁln3ﬂ+r” cos28 =0

or tan 20 =2 Txy / (Ox - Oy) orat 0., 0, having 90 degrees apart. These are called principal planes.

3. O, becomes maximum when dG,/dO =0, or when differentiating the following equation:

O Ty | O — Ty -
Oy = ———+———"C08 20 + Txy SiN 28

we get, tan 26p = 2 Txy / (Ox - Oy) or, exactly at the principal planes, which has shear stress = 0.
The value of the principal normal stresses are:

2
G max, mn= 9x ; Oy 4 /(GX _ZGV) + Ty

4. Since Oy + O, = constant, then, at the principal planes, Gy is maximum but G, is minimum.

5. Tyy is maximum when planes, dt/dO =0, or when:

tan20s = - (Ox - Oy)/2Txy and the value of maximum shear stress Tyy is:

Ty man= (@20’ 15

6. Similar to single stress situation, maximum is when dT/d0 =0, or when: 0 =

Example:

Check rule 1 for the example in previous page.

In the general equations, even if the original Txy on the element = 0, then still the shear at any plane (Txy)has
a value as a function of normal stresses.

© Dr. Tarek Hegazy 18 Mechanics of Materials Il




Example: Determine the maximum normal and shear stresses at point H. _ =
¥ I

Forces at the section:

x M (1.5 kip = in.)(0.6 in.) I
- o= = = e (7 L ks
' ! L (0.6 in.) =
| i
T (2.7 kip + in. 0.6 in.) _ - - Iy
Tn = _-r- =it I } & i _ r ¥ thy ks J
d sw (L6 in.) =
Principal stresses: i, =0 J
27 2(7.96) o, + oo, [fa:— o, 2 e
an 24, = — = ———— = — .80 s, min = d (— F T,
s . —o, 0-— 884 ; 2 v\ 2
20, = —=61.0° g 8P — 6l.0¢ 0+ 8.84 {0 — 284%2 )
20, 1.0 und 1 y 0 _I-":'Hi \ "u,"( S ) F (7967 = +4.42 = 9.10

4. Circular representation of

Given a state of stress, with Oy and G, having 90 degrees apart. y
Step 1: Let's plot the two points X and Y. Cya
——> Txy

n

> .Z.'..
Txy ..'.
Txy ‘e, Oy
X Ox i Ttee, ?  Ox o
b 1 LE 2 1
0 Gy '... 1
...
v

Txy

L4
.
lo) ey
. v,

X

Step 2: Draw a circle from the center to pass by points X and Y. Determine Gmax , Cmin > Gp , Tmax » Os
Notice that Shear stress is positive in the bottom half of the circle.
?

Solved Examples 9-7 to 9-13

Mechanics of Materials Il

© Dr. Tarek Hegazy



Example: 75 MPa
For the given state of stress, determine the normal and shearing y

A
stresses after an element has been rotated 40 degrees counter-clockwise. —+—> 60 MPa

-T—» 30 MPa

75
_l_> 60

S

From the figure:

Average stress = Center of circle = (30 — 75)/2 =-22.5 , R = sqrt (52.5% + 60%) = 79.7
tan 01 = 60/52.5, then 1 = 488° and 02 =80-01 = 31.2°

Then, points X’ and Y’ have the following coordinates:
oy = -225+Rcos 02 =-22.5+79.9 *0.855 = +45.7 MPa

oy = -225-Rcos 02 =-90.7 MPa ; Txy =Rsin02 = -41.3 MPa
Principal stress values:
Omax: Omin = Average + R = -225+ 79.7 = 57.2, -102.2
Example:
For the given state of stress, determine: a) principal planes; and b) principal stresses. 60 MPa
A

Analytically: Ox = -40 MPa; Oy = +60 MPa ; Tyy = +25 MPa —1— 25 MPa

tan 29}9 =2 Txy/ (GX - Gy) =2x25/ ('40 '60) =-0.5

orat 0, =-13.28; 0, = 76.7 40 MPa

2
+ - - 10+ 55.9 MPa
Omax: Omin = Average + R = % 2 Oy 4 /(GX ZGV) + TZXV

’235.9
Graphically: Two points X & Y

Center =
R =

Omax, Omin = Average + R 459 ",
Y: o
B %
13.283’ —525

© Dr. Tarek Hegazy 20 Mechanics of Materials Il



3-Dimensional stress systems: (Absolute maximum shear stress)

Assume ol > o2 > o3 are principal normal stresses ( no shear), then let's draw Mohr’s circle.

G2
e
Note : Even if 63 = 0, 3-D stress analysis becomes essential.
Case 1: both 61 and 62 are positive Case 2: both 61 and 62 are negative
Then, Tmnx= cl1/2 Then, Tmx= 62/2

Case 3: ol and 62 have opposite signs
Then, Tmx= (cl-061)/2

Examples

© Dr. Tarek Hegazy 21 Mechanics of Materials Il




Transformation of Plain Strain

under the load, i.e., the ability to resist strains is crucial to the serviceability of structures.

- Normal Strain (due to axial load + bending moment) and Shear Strain (due to transverse s

Normal Strain é

Shear Strain

- A structure should be designed so that its material and cross sectional dimensions can resist the maximum
normal and shear stresses imposed on it. Equally important also that the structure does not deform much

hear + torsion).

+ €.y 7
"

Y

dy

dx

i
€ dy

Shear strain 7,

Normal strain €,

Normal strain €,

Strain = € = Unitless = AL /L

Questions:

Is this the maximum strain? If not, then

Positive Signs
(elongation and angle)

What is the value of maximum normal strain and the plane in which it exists? and
What is the value of maximum shear strain and the plane in which it exists?

- General equations for strains on a plane at angle 8 for a member under two dimensional strain. Notice that alll
':f'l.‘n._ .

equations look the same as those of stress transformation, except that Txy is resembled by

_2_

General Equations: Given the three constants €:, €y, Yuyv then,
. E,TE € — € Yoy .
Normal strain at any angle 6: ¢, = > + > cos 26 + =5 sin 26
Shear strain at any angle 6: Yoy (E” — E] sin 20 + }; cos 26
Principal (Normal) Strain:
f = 2 2
. . Yy €y + E'ﬁ' | £.1.' E.‘ T!.'v
Orientation: tan 28, = Max. Value: gy = —— * .'( ) + (—-—)
g S = e 2 v 2 2
Shear strain at this plane: Zero
Maximum Shear Strain:
E. — E T_ln.'tx] [T — o2 y 2
X v in-planc € ! v
Orientation: tan 2d, = —( - Max. Value: —'2—= ( . ‘1) + ( r“-)
' Yy Y\ 2 2
. . e+ E,
Normal strain at this plane: Eavg = ———
CLA 2

Solved Problems 10-1 to 10-8
22
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Negative Strains
at negative angle 6

Positive Strains
at positive angle 6

- Strains before and after transformation:

+ €.y 7
¥ 3

dy

Positive Strains
at6=0

Y
+
1 |,_".‘<
=

0

Important Observations:
1.&x+ & = &¢ T &y = Constant (90 degrees apart) for any orientation.

2. The plane in which shear strain Yxy /2= 0 is when:
(o 0
—( )sm 2{1"—2%-:052&

}':1.'-." i ]
2 2
or tan 20 =Yxy/ (&x - &y) orat 0, , 0, having 90 degrees apart. These are called principal planes.

cos 26 + l;-‘- sin 26

£, — &,

€T E,
X W d
2

3. &, becomes maximum when d€,/d0 =0, or when differentiating the following equation:
E —
X" 2
tan 2 0p =Yxy/ (Ex - €y) or, exactly at the principal planes, which has shear strain = 0

we get,
4. Yyy is maximum when dy/dO =0, or when: tan20s= - (& - €y) I Yxy

5. Similar to single stress situation Os = 45° from Op.
(Shear strain is positive in the bottom half of the circle)

6. Mohr’s circle of strain:

i
Y e /
+€,dy R ;’ 1
t A /L +L /
PN €
dy / Yau | ¢
: ! ot 2 |/
! ~ leX
] ; === B
r
0 -
dx : LN €, dx
/2
Smin?y gmax?, Ymax?,ep?,es?
23 Mechanics of Materials Il
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Example:

Given &, = -200 x10°, €, = 1000 x10°, ¥, = 900 x10°. Find the strains associated with x'y’ axes inclined at 30
degrees clockwise. Find principal strains and the maximum shear strain along with the orientation of elements.

Solution
First, we sketch the element with the given strains, as follows.

Then, we define two points X and Y to draw Mohr’s circle.

Shorter in X
LongerinY
+ive shear strain.

R = Sqrt (602 + 450°2) = 750

Principal Strains:
€max , Emin = 400 + 750 = 1150 x10° , -350 x10°®

-200 € x10°® Yx'y' at principal planes = 0
20,= tan™ (450 / 600) = 36.8°
Max Shear Strains:
X Ymax /2 =R =750 x10®
T €X' = €y’ at Max shear plane = 400 x10°®
% 205 = 36.8°+ 90 = 126.8°
/2 x10

o =60-36.8=23.2

Then
€x’ = 400 - R Cos o, = 400 — 750 x Cos 23.2 = -290 x10®

€ x10°®

¥x/ 2 =R Sin o = 750 Sin 23.2 = 295 10

€y =400 + R Cos a = 400 + 750 x Cos 23.2 = 1090 x10°®
Yy 2 = -R Sin o = -750 Sin 23.2 = -295 x10°°

Y/2 x

At 30° Clockwise At Principal Planes

W 40

Shorter in X’ Shorter in X’
Longerin Y’ Longerin Y’
-ive shear strain (clockwise rotation) No Shear strain

At Maximum Shear Plane

0s=18.4+ 45°

‘X’
Longerin X'
LongerinY’
-ive shear strain

© Dr. Tarek Hegazy 24
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Absolute maximum shear strain

Assume €1 > €2 > €3 are principal normal strains (no shear), then let's draw Mohr’s circle.

-/

’Ymaxlz = (Emax - Smin) /2

Case 2: both €1 and €2 are negative

Then, Ymad2= €212

-YI2

Solved Examples: 10-1 to 10-7

Note: Even if €3 = 0, 3-D analysis is essential.

Case 1: both €1 and €2 are positive
Then, Ymad2 = €1/2

Case 3: €1 and €2 have opposite signs
Then, Ymal2 = (E1-82)/2

=Y/ Ymax/ 2

© Dr. Tarek Hegazy

25

Mechanics of Materials Il




- 45° strain rosette versus 60° strain rosette il
- Cemented on surface

| &

- Its electrical resistance changes when wires are stretched LA
or compressed with the material being studied Vx\“ﬂzﬁ . — x
- Resistance changes are measured and interpreted |T‘F ] —
as changes in deformation
- Three values to get the state of strain at the point Readings: €a, Eb, Ec Readings: €a, Eb, Ec
At 0a=0, 6b=45, 6c=90 At: 6a=0, 6b=60, 6c=120

- Automated condition assessment of bridges

- Check the strains on older structures Unknowns: £x, &y, Yxy Unknowns: €X, 8y, Yxy
Applying into the general equation: Applying into the general equation:
E.i.' =+ E'I-' E.'l' —_ E'I-' .-},-[1: i SX = ga SX = 88.
= + cos 268 + —=sin 24
& 2 7 = Tl gy = &c Ey = (2Eb + 2Ec - €a) / 3
or Yxy= 2€b — (Ea + Ec) Yxy= 2(Eb — Ec) / Sqrt(3)

Ex = €xcos’o + &y Sin® 0 + Yxy cos 6. Sin 6

Substitute into either equation 3 times using €a, Eb, Ec to get the unknowns &x, &y, Yxy at the measurement point.

Example: b |l
Using the strain rosette shown, the measured values at each stain gauge is as follows: il
€a=8x10", Eb=-6x10" Ec=-4x 10" c N
Determine the principal strains at the point. . .. B

Solution Using Equations:

~Y/2 x10
0a =90, 6b =135, 6c = 180 4

Applying into the general strain transformation equation:

€a=8x10" = €x cos” 90 + €y Sin 90 + Yxy cos 90 . Sin 90

€b=-6x10" = Ex cos® 135 + €y Sin” 135 + Yxy cos 135 . Sin 135 € x10™

€c=-4x10" = €x cos” 180 + Ey Sin® 180 + Yxy cos 180 . Sin 180
Then:

€y = €a=8x10";

Ex =Ec=-4x10"; Yxy 2 = 16 x 10*

Using Mohr’s circle, we determine principal strains: €1 = 12 x 10" ; €2=-8x10"

Solution Using Only Mohr's Circle:

Directions (a) and (c) are 90 degrees apart
This means that the center of the circle is the

Average strain = (€a + €c) /2= (8 x 10*- 4x 107 /2 =2 x 10"

€ x10™

From the two triangles shown, d = ,
Then, R = Sqrt( d® + 6°) =
As such,

€1=2+R=12x10"*: €g=2-R=-8x10™

y/2 x10™
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Example:

A rectangular strain gage rosette is applied to the
surface of a component for which the strains are

£ = 6600 £ =-1650 = 2640
. " , LT, "

Determine the strain measured by each strain gage.

Solution:
Strategy: We draw a Mohr’s circle for strain and on it will find the strains at the
orientations of the strain gauges (450 apart).
Y . §
[
«C L 0y |
e oX
Longer in X
Shorter in Y
. +ive shear strain.
h]
g, =(=_+&_)f2=(6800 - 1700)/2 = 2550
avqg A F
£ = [(425002 + (1360021 /2 _ 4462 3
2ep = tan” '(1360/4250) = 17.74°
v h=60° - 17.74° = 42.26°
L~
(-1700,1360) E,=2___ + Reos
4 arg
B = 2550 + 4462 3 cos 42 26"
Z ¢= 9852.8 |
o _ _ -
T . 28 = Cavg £zin b
L\\¢| 51 =723 L = 2550 - 4462.3 zin 42.26°
Ep = -450.61 L
(6800 ,-1360)
E!:' = Ea\fg - Hcos I:IJ

= 2550 - 44623 cos 42 26"
=-752.8 1L

Ee

g, = -1912.3 u\\
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6. Relationship between Stress & Strain (Generalized Hooke’s Law

- A stress in one direction causes elongation in its direction and shortening in the other two depending on the
material’'s Poisson’s ratio (V).

Generalized Hooke's law

Ex= ox/E Ex= -V.oy/E Ex=
€y=-v.ox/E &= oyl/E gy =
€z=-v.ox/E €z=-v.oyl/E €z=

- Assumptions: (1) T has not correlation with €x and €y; (2) ox and oy have no relation with Yxy ; (3) principal strains
occur in directions parallel to principal stresses.

-General Equations:
E.Ex= oXx - V (oy + 62); G. Yxy = Txy
E.&y= oy - Vv (oX + 02); G. Yyz =1yz
E.€z= oz - Vv (oX + oy); G. Yzx = Tzx

- Relationship between E, v , G:

. . . ¥
Let’s consider the case of pure torsion, i.e., 0, =0 and Gy =0, Let's draw Mohr’s circles A
for both stress and strains.

Y Y
G 8 Cin == Tin A
0 j O max 0 j Emax 6y, = 45°
T 11X yxyi2 1X
Principal stresses are: Gy = txy ; O, = - Txy Principal strains are: €; = yxy/2 ; €, = - Yxy/2

Now, let's apply Hook’s Equation, as follows:
E.€l1= ol - v (62) ;then
EE€l=Eyxyi2 = txy - V(-txy)= Txy.(1+V) = G.yxy.(1+V)

Th Bulk M |
en G=E/2(1L+V) ! K=E/3(1-2V) ulk Modulus

Note: Since most engineering materials has v = 1/3, then G=3/8 E and K = E
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Example: £=29x 10° psi, &= 11.28 = 10° psi,
m V= 0.285
I 25 2457 / - 8621 1L
o U ) e )
Notice the difference between Mohr’s circles for stress & strain
Example: . .
P £=29:10° psi, £ =11.28 : 10° psi, "
W = 0.285 ¥
T 664 7 |L
—#= 15 k=i
-15 15 6647 1L 664.7 L
1] ] ®
—-—
-664 7 |L
Example: T w2
9 ksi
1,016 .75

= 4.5 k=i

(1329.83,199.4)

-9.45

-683.88

36 ksi
1,349.57 =

332.84

(-644_14,-199.4)

£=29:10° psi, £ =11.28 : 10° psi,

W =0.285
W 152083 -664.14 555,

Example:
14 ksi L
¥

14 ksi

4&, %— - [ng
28 ksi —-56.7 21
-3.3

/ -827.9 - 207 .6

£=29: 10° psi, & = 11.28 : 10° psi,
v = 0.285 e —t
(-827.9,-620.3) A . —513.3

-1211.3

Mechanics of Materials Il
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¥ & kip A beam with £= 10 10° psiand v = 033 is

Example - i .
/ 025 in; subjected to the loads shown. At point ~, a
2.8 in. * rectangular strain gage rosette is applied.
= 7 . Determine the strain indicated by each of the
/ ;1 in. _*_ % 1 4 kip strain gages.
s I
18 in.

Solution Approach: Since we are given the forces, let’s calculate the
Stresses at point P, then, convert these stresses into strains.

Forces at end of beam.
Hy= (1.4 in )& kip)

Forces on Section at P.

11.2 kip-in. _ 11.2 kip—in.

N - — 14in.
£

4 : 0.5 in.

@ ]

W ¥
[=-]
]

! 1
4 4
."’fz_= 4 + T2 =76 kip—in. 4 kip—in.

Hz= (0.5 in.)(8 kip)

Stresses at Point P: Normal stresses

112 kip—in. P L e x
g = — + -
g
X # fz fy
s 8 kip - & . L76)0.25) (1.2
aza 2.8)13)/12 (iz.a%/12
¥ 4kip
i =286+ 8143 - 857 =T73.71 ksi
Te kip-in.
Shear Stresses L ‘+
- 0.25 in.
0.375 in. T - ' =
The 4-kip force produces a + T m.
shearing stress at point ~ i £ .
> 8 in. T3.71 k=i
1.61 ksi
L= M __ (4)[(2.3;(0_25)(0.3?5)] = 1.61 kei
ey [(2.8)X1%/121(2.8)
Strains at Point P:
2,=2_= '—(G -VvF ) = — 1 (75.71 = 10%) =7 571.43
4 & & T ¥ i 1n® ; S LESIRAI SR
z=z =2 ¢ —vo ) =—" _ [0-03375.71 =10%)] = 2 498 57
£ Ty £ o x [ - - T TE. - H
1010
22 _ =8B +8 + where =T FE
g T By Yy Tag ™ Ty
.
6 -1.61 x 10
I3 10 =10 & - » = —— =427 S5
&= = =376 =10
21 +vy 20 +033) *IRpe ¥ 376 x10°
1
Bg = = (7,571.43 -2,498.57 -427.5) = 2 322 68 |
Solved Problems 10-9 to 10-11
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7. Theories of Failure

Ductile Material
(Yield Failure)

All theories deal with
PRINCIPAL STRESSES

- Max. normal stress (Rankin’s Theory)

- Max. shear stress (Tresca Criterion)

- Max. Energy of Distortion (Von Mises Criterion)
- Other: Max. principal strain (St. Venant)

Max. normal stress (Rankin’s Theory)

62
Principal stresses

1

Failure when:

Max. shear stress (Tresca Criterion)

Ty

A specimen under tension

|ol] > oy/F.S.
| 2] > oy/F.S.

Brittle Material
(Fracture Failure)

or

0, =0y

reached maximum stress

oy, then, the maximum shear
that the material can resist

is oy /2 from Mohr's

Circle.

Axial tension

Then, failure is when

T > o0oy/(2*F.S)
Absolute
max. shear
(3-D analysis)

Enerqgy of Distortion (Von Mises Criterion)

To be safe, Uy onelement < Ugyield U=%0.E

For the 3-D stress Case:

1 [(61=062)*+ (62 = 63)* + (63 — 61)*] <
12G 12G

or Simply, [, >> (o1 - 62)> + (62~ 63)° + (03 — o1)?

For the 2-D stress Case: (63 = 0)

|::> (61% — 61 62 + 629

2
< Oyl

2
2 Gjield

2
< 206l
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Other: Max. principal strain (St. Venant) Rarely used

Using Hooke’s law E€max=[01—-V(c2+c3)]/E < Oyaa/E

e

Fracture of Brittle Materials L C DI

Brittle materials are relatively weak in Tension.

[r—

| ®

3::{_ )
"

Failure criterion is Maximum Principal Tensile Stress.

45

/.
L)

Under Tensile force, failure is due to tension.

@)

Under Torsion, failure is still due to tension at an angle.

Tmax

Element is safe when:

‘G-l‘ = Ount

0
/

Example: Twist of a piece of chalk. T

T

Solved Examples 10-12 to 10-14

Example: A steel shaft (45 mm in diameter) is exposed to a tensile yield strength = cyield = 250 MPa.
Determine P at which yield occurs using Von Mises and Tresca critera.

Solution
1) Principal Stresses T=17KN.m
P
oX =P /A=P /n (0.0225) \‘I\ o
wy=T.c/J=1.7x (0.0225) / % r (0.0225)* = 95.01 —$95.01
_ + L ox
Mohr's circle: I

Center =ox/2
R = [(oX/2) ? + txy?] Y2
cl=0ox/2+R; oc2=0ox/2-R

2) Using Von Mises
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c1?+ 6lo2 + 62° = O yield ?

(ox/2+R)*+ (ox/2+R) (oXx/2-R)+ (6X/2-R)*= oyies”

(ox/2)’ + 3R*=o,eq’ , Ssubstituting with R,

ox*+ 31Xy’ =0yeq’ , Substituting with ox & txy,

[P /m (0.0225)°]% + 3 x (95.01) * = 6 yjery > = 250°

then, P = 299.3 KN

3) Using TRESCA

ol and 62 have opposite signs, then

Tmax(3-0) = [01-062|/2 , which reaches failure of Ttyiclq = Gyield / 2

l(6X/2 + R) - (6X/2 -R)| /2 = G yiera ! 2

then, R= oyiew/2 , substituting with R and squaring both sides,

(<5x/2)2 + rxy2 = (O yield / 2) 2 substituting with ox & txy,

[P /2 & (0.0225)%]% + (95.01)%= 1252

then, P =258.4 KN

Notice the force P under TRESCA (focuses on Shear) is smaller than Von Mises
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8. Deflection Using the Integration Method

Beams and shafts deflect under load. For serviceability, we need to make sure deflection is within allowable
values. Also, the shape of the beam under the load (elastic curve) needs to be studied.

|| BE——

|
L ——— LE — =
Terminology: A
/ \.
- El = Flexture rigidity or Bending Stiffness I\
- R =Radius of Curvature ! \
- 1/R = Curvature . ! \
- Hookes Law: 1/R =M/EI /R %
- The elastic curve: +M(y> : M
7, )

Rd0 = ds = dx u

or

1/R = d0/dx

Also, dv/dx =tan 6 =0
Differentiating both sides, then d?v/dx* = do/dx

Accordingly,

I
R El dx dx®

Notes:

Fi /74 i
£l o= E/B= me] gx +

- Integration of (M/EI) determines the slope of the elastic curve;

A a0
- Double integration of M/EI determines the deflection: iy = Iﬂ'x _[ Mlx)de + £ 5+
o

a2

- Recall relationships between load, shear, and bending moment. Now, we can expand it to:

El d®v/dx® = M(x); El d®u/dx® = V(x); El d*v/dx* = -W(x)

Determining the integration constants C1 and C2:

. ) . P Cantilevered beam
Substituting at points of known
deflection and/or slope, we can ! il
determine the constants of s
integration.
g ¥o =0
8p= 0
Overhanging beam Simply supported beam
wix) wiia)
Yy T Y Y " Y Y OV % ¥ ¥ 7T YT Y Y ¥ % %
x x )
- £
y“—l] gls:u y“=ﬂ g-g:[]
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Shape of Elastic Curve: inflection point at location where moment=0
P

P P
.

ik — 0 E ™ on

e i I .

— Monvent diagram

B A D
Ay M
L E
A Inflection point
Elastic curve

Calculating Slope & Displacement by Integration:

!

N

=

Moment diagram

i "l”

Inflection point D
Elastic curve

Step-by-Step

i . ZX = = M =
1. Get beam reactions: =0 0, fiﬁY 0, @»Jr 0

Fiid el
[ e
e
=
V=i
M=l
Free end

~=

M=0

Itermal prin or i

2. Get equation of B.M. at each beam segment with change in load or shape
3. Integrate the moment once to get the slope

E8x) = I:m X) dx + L
4. Integrate the moment a second time to get the deflection (elastic curve)

A Ly

£ y(x) = La’x Lﬂ[.ﬂﬂ'x s Lx L
5. Substitute at points of special conditions (boundary conditions) to get the constants C1 & C2
6. Rewrite the slope and deflection equations using the constants
7. Put slope =0 to determine the location (x) that has maximum deflection
Example:

For the part AB, determine the equation of the elastic curve and maximum deflection if:

| = 301x10° mm*, E=200 GPa, P=250 KN, a=1.2m,L=5m.

iP

Ya L

O

2
o
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Solution

1. Reactions:
P
ZMa =0 l
+ Yb.L-P.(L+a)=0
orYb=P (L+all) i 6§'7
TEY =0,thenYa+Yb—-P=0 or l T
’ P.a/LL
Voo P al al P(1 +a/L)

2. Bending moment equations:

M

e Fx)gql’

___________________________ o 0

to L
P.a/L v
Mx =-P.x
Mx =-P.ax/L

3. Integrate the moment to get the slope: 8. Applying same steps at the free end:

EfB(x)=-Pax’/2L +C1 EfB(x) =-PX°/2 +C3 ..(3)
4. Integrate a second time to get the (elastic curve)

Eylx)=- P.ax’/6L + Cl.x+C2 Eglx)=- Px}/6+C3.x+C4 ...(4)

5. Substitute at points of known conditions
Slope at B right = Slope at B Left

at support A: [x=0.y=0]
then,C2=0 Slope left = using equation (1), x=L
also, at support B: [x=L,y=0] =-P.al/2+P.all6
then, 0=-Pal®/6L +C1.L
or Cl=P.all6 Slope right = using eq. (3), x=a
6. Final equations: =-P.a’°/2+C3
EfBlx)=-Pax’/2L +PalL/l6 ... 1) we get C3

£ glx) =-Pax’/6L+PalLx/6 ... 2)
Also,atB: [x=a ,y=0]

7. Put slope = 0 at maximum deflection
Using Equ. (4), we get C4
0=-P.ax’/2L +P.alL/6 get x=0.577L

Using this value in equation (2), we get

Max deflection = 8 mm_Up.

Solved problems 12-1to 12-4
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9. Calculating Slope & Displacement by Moment Area Method:

st M
1> Moment Area Theorem: El
Recall M - do —/—j\
El dx i _ i
| A B '
Then, Xg
0 = f M dx B
o) El oL A
Xa ———— /7
. — —
change in area under tan B . tan A
slope M/EI diagram Elastic curve
2" Moment Area Theorem:
M
El
tsa = (vertical distance from tangent
at A to point B on elastic curve)
| | _ :
= Moment of the area under ‘ A ‘ B #
M/EI around point B. ~—ds —
Xp
M
= L tan B
ds xf T o~ A \ B
R Tpi
tanA

Note: tag * tea

Case 1: Cantilever

Notice that tangent at point A is horizontal. [ tan B faA

-Deflection at any point:

Tem=Ac
-Slope at any point: 0, =
X

C
eB/A: I% dx =93-9A= GB tan C

A

Case 2: Symmetric Loading — Option 1

Deflection is max at mid beam (C). At this point Oc =

Ag
-Deflection at any point: A N\ B
AN —Zn
T d }
-Slope at any point: — y s
C tac
X Oc=__
Oun= | Max = 65-0c = 6o Ac=
El
Xc
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Case 3: Unsymmetrical Loading — Option 2
L1 L2

-Deflection at any point: Ag+ tps = tga . L1/(L1+L2) A

-Slope at any point to the right:

X4 ¢
BA
Opa = f M dx = 0p - 0, with O, being negative = |Op| + |04
El \
a tea / (L1+L2)
A
L1 ) L2
i ——— 6,

Oa
-Slope at any point to the left:
Xy \GD\

Opja = f M dx = 0p- 6{, both negative = |0, - |Op|

tea / (L1+L2)

Case 4: Over-Hanging Beam

L1

tcs
O = tys /L1 A heavy load B % Ac

(Ac + ltes|) /L2

Then, Ac= |0g.L2|- [teg|

%tCA

A = tga . (L1+L2)/L1

; L1 ; L2 A
Then, Ac= |tea] - | A| 5 { heavyload
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Case 5: Unsymmetrical Loading — Point of Max. Deflection

tc

Og= tag /L 71\%
GB/C— Mdx = eB'ec = eB = tag /L
X El 0c=0
c —
We get x, then Ac = max = tgc Ac = max
Note: Equivalence in Bending Moment Diagrams
N
-b
a
a .
+1ive
-ive
-b
-a

Method of Superposition:

- Using Standard tables for various beam conditions and types of loads (Appendix C)

- Adding up deflections caused by individual loads

Solved Problems: 12-7 to 12-15
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Example: Determine 6c and Ax
1501b L1 300T
600
A T C D B
2 A D
4| 24 A o [
¥ 250 Ib ls00b ~1800
600 tpe =1/EI [ + (600 x 24 /2) . 2/3 . 24
MUEL S -(1800x24/2).1/3.24]
S 2
An : 600
ﬁ/_ \ tac = 1/EI[600. 412 . 2/3 . 4]
) o
tac
Example: Determine 0, and Ap
.l' %
N = I 1 l l ]B
[ ) 1 X
I ,[;}t _I) [-;:_ ’ I GA = 1A /L
wL/6 L wL/3 — Moment of M/EI @B /L
3" =[w.L?/6EI.L/2 .L/3 - w.L*6EI.L/4 .L/5]/L
degree
_ 3
B.M.D.
= WL2/6 AISO, Ad + tpa = tga /2
Then
Ad=ltea /2| - Jtoa] L2 -wL’/48
: = 7 w.L¥/720EI
S[1/2 . w.L2/12E1 .L/2 .L/6 - Vi . wLY48EL L/10]
A “
4
& =5w.L*/ 768EI
XtDA ta
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Using Deflection Calculations to Solve Statically Indeterminate Beams

|
y ;
= + /
f | ' o
Al + A2 =0 B
3 3
statically

indeterminate

™

_ N M,?
s 2 5 2
01 + 02 =0

First, we reduce the beam to a statically determinate, then
We compensate for the change in the deflection behavior.

Example: 12 Kips Determine the reactions, then draw the S.F.D. & the B.M.D.
l 3 Kip/ft
A AL ¢
% B %f
e L eft 12 ft
& ,?
- A
7 A N\ B ¢
: .
+ tac tec

A2 = -Rg L3/ 48 El

Al + A2 =0
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E:T)(amf(ﬁ- Determne the veochons , than dvaw the S.Ep | med €MD

A yz l‘lp: 2 "'F/ H‘
L e ey,
v As Shown 2 the righ t, Lty j&- e &
Steneture to Sl indokominds + ¥

Ha widdle voller e then remevad
and o veocha K » mpp'o-u)- so

\ B
13

/ *-'nv-\ Q’h\nclAfJ
terilod Amialen, oL
oy ol ba=gser”
f
l’lz' 3 CfMAgol __lz_'é,_ ?6&‘3-{-25.&1".:9
NN
A"&' % _&C + EC = 30
-t 2 * onta Rg = 20715 kips ¢ e OrJlollofed,
| 144

we (bl rewaining reoctirs

PAzz-aSRPT b Ro = 14628 Kips

¢ Moment
Arma e
3
2
z

£
{.'AC ‘E‘{— X --;(, + boBxbxT + 3éx—5 x10 /EI
il 16 + Zysx 2 x\3

29 aob/ EL

il

&EC_ ['**;"‘xi{--f-%ﬁg*’“zx‘]/‘fl
6048 [EL

_ 2980% _ é0%48 3856/ EL
Thn, Aj= LB - SofS - 335/

_ 8856 M:o
Fnﬂo A+ Az=0 --—'—"+ 48€L
Trew Rg = 30, 'Js‘}::f.r A
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Example: 18 kN/m

+ In this example, we want to determine the reactions at end 7 of
= the beam shown knowing that £ = 210 GPa and 7 = 40.8 x 10° mm®.
25 m 25 m

Solution:

i
+
r B

7z 7z i v z
g \
2
£ ML
& _ w3 g = £ 8 = £
& 6Ef g 2Ef £F
x Z
et Y , My
Y8~ Tars ¥8~ Zsr £ 2&
P €7 L
+ g="r 6 EF 4847
4 4
—-w (£52) 7 wd
= + (LFD =
g BEF 2 o= Zgass
o - Twt3
& 48 £7
o 4wt
¥g IBAES

Mext we add the slopes and deflections from each model and satisfy the boundary
conditions at end 5.

3 pae? Mot Fgl 3
o _ =0=-J*¥_ , & - 8 o= —E— - to w?
g 48 £F 2EF £ 2
E 2 ZHELL
g =0=- swet | Fgi™ Mgl P gt _ a4z 2
&g ETY VY] TES 254 F3 384
Equating these two expressions for ﬁ;.! we can solve for l-;, then f%.
o i el S
£2- I _.2_ 2° 42 2 - 1= - 11 2
2 s =T zga "7 Fe= 32" Mg = Yoz **
Fg = 36.96 kN Mg = 25.78 kN-m
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10. Strain Energy Method

For a structural element under load and deformation, External Work Ue = Internal Strain Energy U;.

- External work Ug is a function of the load P and deflection A. P
(deflection is at same point and direction of load)

Ue =P, A
- Also, the Internal strain energy in the structure Ui A "
is a function of the stress O and strain € in the element,
summed over the volume of the structure.
(0}
%»o.€ .V i
Strain Energy
per unit volume Pe]
Normal Shear
L
2 2
Ui{cs .dv and Ui{r .dv V=/dV = [dA / dx
| 2E , 2G v A Jo
L
when A is constant, V = A/ dx
Observe the units. 0

Strain Energy calculations for different loading conditions are shown in next page.

Determining Deflections Using Conservation of Energy

Single External load
Deflection in the direction of load:

2
Ue=%P. A & U=y 2=
My L £V? dx L M dx
¢ Ue=2%M,. 0 & U= [ B+ [ 2
e L= — e =7 Mo '=h 2G4 & 2H

L V2 dx L M? dx
- -1 = =
——F Ue=%P.A & Ui=), 26a +£ 2E]

- -

Limitations: Applies to single load only. Also, in case 2, only solpe is calculated not deflection.
Also, how to get deflection at a point at which no direct load is applied.

Solved Examples 14-1to 14-7
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Strain Energy Calculations

N
Ui= i. dv = N? //EIA://dX — - e
2E Jy 2EA’ n o =

| Axial
I nad
_ Normal
Stress
| | Bending
Moment
Pure
Shear
|| Shear
Stress

U, :%r.yfw = rz/zG/A.dx
Y l 0

1-V.Q

l.t

L
Ui =/fSV2 dx
2GA

o

— Torsion

<

I

X

aq
*<\
<

o,

<

1

<« A

>

[\)

)
J\

Lo
il
Example: Truss with varying axial loads on individual members. Nz,f,
(Cross section area A is constant, then V=A . L) U; = YAE

L

where, fs = 6/5 - rectangular section

L
dA /dx
0

© Dr. Tarek Hegazy
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Example: Determine the strain energy due to both shear and bending moment in the following cantilever.
The cross section is a square of length a, with El being constant.

Es
[N

Sy
<

Example: Determine deflection at C, neglect shear strain energy.

: 2EI El
L2 ; L2
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11. Principle of Virtual Work

Conservation of Virtual Work l l l

Work-Energy method is not able to determine %\\\\ l A? -2
the deflection at a point at which no direct load exists.

Solution: Put a virtual load of 1.0 at the desired point of a virtual system. Then apply the principal of
conservation of virtual work, as follows:

Real Beam Virtual Beam 1.0

l
;gil Ly 3 £ »-

External Virual WorK = Internal Virtual Energy

14 Virtual Stress x Real Strain x Volume

L
1.0xA = Oy.Er.V = G\/&B_.ﬁA/(;X
0

% Virtual load x Real displacement

= n N / dx = N dx Axial
A AE Load
+ Bending
+ / vV dx Shear
+ / Torsion
Examples: Real 1.0
Virtual \
T i/
1. Determine slope at desired point 5, #
p p 2, 7» 2 d
Real .
2. Determine horizontal Virtual 1.0
—> —

deflection at desired point

H<Zzz
~ <35>

Solved Examples 14-11 to 14-16
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Example: Determine the deflection at mid span.

Example: Get deflection at A

W

w
I m

LT v e A

l

ZZ

L/2

L2

© Dr. Tarek Hegazy
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Examples on Virtual Work - determine the vertical deflection at point A.

h.L EtL
2t +
A
3m L. 2m. —4—2m, . 2m, q'

3 t/m

3m ,_2m_*

Determine the horizontal deflection at point A.

24/m 2. 5t!m

A H[IIl'I]]II.HItIll
5

2
LT '_"jt'r

Calculate:

- The horizontal displacement at point b,

- The vertical displacement at point g
- The slope at point f

= 20,000 m2.t

2 tfm 4
1|!1|1:!1_II1IEF
h
g d—J’&
dm
ﬂ;b
Em T Esml
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A1+ RB A2= 0
Also,
0,+ Ma 0,=0
Examples:

Reduced
System

Compensation

Reduced
System

Compensation

My .

indeterminate structures

w

I nnmige

B
L2

Fl

77
L/2 :

7 T séé“
RB 5 1.0
W
TR
g g
L2 . L2 o
W

LT
vé—el )
*
(10921 ------------------------
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Example:

13. Calculating

A =dU/dQ

L
6 / N2 dx
oQ 2EA

0

L
0 M? dx

o0Q 2E|
0

L
o / fs V2 dx
o0Q 2GA
0
L

o /Tz dx
0Q,7/ 2G3J

Deflections Using

Determine the horizontal deflection at point B. Cross-section area= 12 in2
E=30.10° psi. AB = 48 in and BC = 36 in.

Castigliano’s Theorem

- Put an external load at the position of required deflection: external load (Q) either horizontal or
vertical to get horizontal or vertical deflection; or an external moment to get slope.

- Deformation = first derivative of the Strain Energy with respect to the applied load.
, & substituting Q =0

/ N ON dx Axial Load (Trusses)
g EA 0Q
M OM dx Bending Moment
0 El 0Q
L
/ fsV OV dx Shear
o GA 0Q
/ T OT dx Torsion
0 GJ 0Q
A4
B
4
h
&0 in.
F=
4
3|
¥ I
A
Fad P =10 kip
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14. Buckling of Columns
. . " 5 f
- Slender columns under elastic compression buckle when the load exceeds a critical value. l {
- Buckling causes column instability. | 3

- Short stocky columns do not buckle. |

- W need to study the relation between P, A, and shape of buckled column. ]
P P | (/

- Analysis (Euler 1707 — 1783):

Recal, M -d*
El dx?

Then, | d® +P. v = o
dx? El

Equation of Elastic Curve:
L =C1Sin[(P/EN°>.x] + C2 Cos [(P/EN)°°. ]

LV=0atx=L L=0atx=0
orwhen, Sin[(P/EN*°. L] = 0 C2=0

orwhen, (PIEN°. L = &, 2m, ...

N x

R —
el
qI
I
S
F—
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Analysis:

Maximum axial load

before buckling:

A
ft.‘r_

P/A should be
within allowable

7 El

Smaller of the

stresses. LZ two directions
X&Yy.
Foyr = Pcr - TTZE! 0, (10%)ksi
i e or ’ 1
A AlL?
) i 40+ |
Put, r = , I/ A = radius of gyration 36
\
30 '
27 Structural
OR steel
0+ (oy = 36 ksi)
Aluminum
/_ alloy
10 (oy = 27 ksi)
U 1 | 1 |
50 100 150 200
. . 60,57 -89
Note that L/r is the “Slenderness Ratio”
used to classify columns as long, intermediate, or short.
Effect of Column Supports: P _ 71'2EI
Lo — ' —
: (KL)? KL= L,
p P i
| } 1
L
‘ L‘, =(7L
L L. =05L
! L I.=2L
Pinned ends Fixed ends Pinned and fixed ends }
K=1 Fixed and free ends

[K=2]

'-:|t"
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