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ABSTRACT

This report is one of two that describe the three-dimensional finite-difference code
SWIFT for Windows. This code is used to simulate flow and transport processes in geologic
mediathat may be fractured and was developed for use in the analysis of deep geologic
nuclear waste-disposal facilities. However. it may be used in other areas such as waste
injection into saline aquifers and heat storage in aquifers. Both dual-porosity and
discrete-fracture conceptualizations may be considered for the fractured zones. In order to
maximize computer efficiency, only one-dimensiona migration is permitted within the rock
matrix. Otherwise, the treatment of the matrix is genera and entirely consistent with the
treatment of the fracture and single-porosity zones. A variable density is included throughout,
and a variety of options are available to facilitate the various uses of the code. This document
presents the theory and formulation of the SWIFT for Windows code. It isintended to be a
comprehensive statement of the mathematical, numerical, and computer implementation of the
code. A companion document, Data Input Guide for SWIFT for Windows., gives the input
dataguide.
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1 INTRODUCTION

11 BRIEF DESCRIPTION OF THE SWIFT FOR WINDOWS M ODEL
SWIFT for Windows (Sandia Waste Isolation, Flow and Transport Code) is afully
transient, three-dimensional code that solves the coupled equations for transport in geologic

media. The processes considered are:

. fluid flow

. heat transport

. dominant-species miscible displacement (referred to as “brine”)

. trace-species miscible displacement (referred to as “radionuclides’)

Thefirst three processes are coupled viafluid density and viscosity. Together they provide
the velocity field required in the third and fourth processes. This document describes the
extensions of the capabilities of SWIFT (Reeves and Cranwell, 1981) and SWIFT Il (Reeves,
et a., 1984) to include fractured media.

1.2 APPLICATIONSOF SWIFT FOR WINDOWS

Because the SWIFT for Windows code is general, it has many possible applications.

They include, but are not limited to, the following:

nuclear waste isolation in both fractured and porous geologic media

. injection of industrial wastes into saline aquifers
. heat storage in aquifers

. in-situ solution mining

. migration of contaminants from landfills

. disposal of municipa wastes

. salt-water intrusion in coastal regions
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. brine disposal from petroleum-storage facilities

. brine disposal as a byproduct of methane production from geopressured
aquifers
. determination of aguifer transport parameters from well-test data
1.3 PURPOSE OF THISDOCUMENT

Having evolved from the U.S. Geologica Survey Waste Injection Program, SWIP, the
SWIFT code has been continuously developed and maintained since 1975. The origina
documentation for SWIP was presented in INTERCOMP (1976). This was followed by
Dillon, Lantz, and Pahwa (1978), by Reeves and Cranwell (1981) and Reeves, et al., 1984.

The aobjective for writing this report is twofold. First, the facility for treating fractured
mediarequires elaboration. This feature of SWIFT for Windows is interwoven into the entire
treatment. Second, a comprehensive statement of the theory and implementation of SWIFT
for Windows is necessary. Thus, a complete statement of the finite-difference implementation
isincluded here for the first time since the INTERCOMP document. Other items, such as the
wellbore sub-model, aquifer-influence functions, and the matrix solution agorithms are given
here. These were either treated superficially or excluded from earlier reports. The intent here
is to produce a stand-alone description of the theoretical, numerical, and computer
implementations which may be used without reference to SWIFT or SWIP documentation
issued previoudly.

Two other documents for SWIFT |1 have been published, namely an Verification and
Field Comparison for SWIFT (Ward, et a., 1984) and a Self-Teaching Curriculum (Reeves, et
al., 1986b).
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2 MATHEMATICAL IMPLEMENTATION

The SWIFT for Windows code is designed to simulate flow and transport processesin
both fractured and porous media. The analyst designates the fractured regions of the system
to which the dual-porosity approach isto be applied. In those particular regions, two sets of
eguations are solved, one for processes in the fractures and the other for processesin the
matrix. The fracture-porosity equations describing flow and transport for the fractured.
regions are identical to the equations for the porous zone, except for sink/source terms
representing exchange processes with the matrix. Consequently, one general set of equations
that applies to both zones is presented, which will be called the "global" set of equations. The
matrix-porosity equations for the fractured zone differ somewhat from their global
counterparts. Therefore, a separate set of equationsis presented that will be called the "local”
set of equations. Aswas mentioned in the introduction, a variable-density formulation is used
throughout. Density, viscosity, porosity, and enthalpy are treated as functions of pressure,
temperature, and brine concentration, but not radionuclide concentrations. For this reason,
the flow, heat, and brine equations are termed the primary equations.

A steady-state solution option is provided for the global primary equations with two
qgualifications. First, it isassumed that heat-transport is basically atransient process.
Certainly, thisistrue for high-level nuclear waste repositories, a dominant application for the
code. Thus, heat transport, like radionuclide transport, is not included in the steady-state
option. Secondly, it is assumed that matrix processes are negligible at steady state.
Consequently, the state equations for the matrix porosity are not solved for the steady-state
option. Of course, the code will permit transient solution of radionuclide transport (with or
without dual porosity) in conjunction with steady-state solution of the primary equations since
thisis perceived as a very useful smulation capability.

In this chapter, the order of presentation is that of global transient equations followed

by global steady-state equations followed by local transient equations.
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2.1 THE GLOBAL TRANSIENT-STATE EQUATIONSFOR FLOW, HEAT,

BRINE, AND RADIONUCLIDE TRANSPORT
The transport equations are obtained by combining the appropriate continuity and
constitutive relations and have been presented by severa authors, including Cooper (1966),
Reddell and Sunada (1970), Bear (1979), and Aziz and Settari (1979). Sink/source terms I’
are included for fractured zones in which exchange with the rock matrix are significant. The

resulting relations may be stated as follows:*

Fluid:
-Dx{pu) - q - Qw
convection production Sink / source®
fRe - @ = )
salt exchange with accumulation (2-1)
dissolution matrix
Heat:
- DxrHu) + DE, ><DT) - Hqg - Hg
convection conduction injected  produced
dispersion enthalpy®  enthalpy
|l
- ay - (HG,+G,) = ﬂ[fru+(1-f)rRUR]
sink/ exchangewith accumulationinfluid (2-2)
source matrix* and rock

IAll terms are defined in the notation section.

*This term refers to a sink/source other than awell. A positive sign denotes a sink,
and a negative sign denotes a source.

*Thisis a source term since, by the adopted sign convention. The rate of fluid
injection isinherently negative.

“Exchange incorporates losses to matrix (+) or gains from matrix (-).
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Brine:

-N >{r éu) + KN >(r E. ><NC) - Cg - Cq
convection dispersion injected  produced
diffusion brine brine

+ Re - (éqN + GC) = %(f r é)
salt exchangewith  accumulation
dissolution matrix

Radionuclider:

-N ><(r Cru) + N ><(r E.xN Cr) - Cg - q, t+ Qq,
convection dispersion/ produced sink/ waste
diffusion component source leach

(co,+6) + 8 Kl 1 Co+ (2 F)r W]

exchangewith Fgl:]enerationof component
matrix r by decay of s
e (L f)raw] = %[frCﬁ(l- f)r oW,
decay of component accumulation

(2-3)

(2-4)

Severa quantities in Equations (2-1) through (2-4) require further definition in terms

of the basic parameters. The tensors in Equations (2-2), (2-3), and (2-4) are defined as sums

of dispersion and molecular terms:

E.=D+D,l
and

E =Drc_+
—H — p

[

m
where

D, =aud;+ (aL - aT)uiuj/u
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in a Cartesian system. Also, sorption of radionuclides is assumed to be given by a nonlinear

Freundlich equilibrium isotherm:
h r
W, =k, (rC) (2:8)

Equations (2-1) through (2-4) are coupled by auxiliary relations for:

Darcy flux:

g:-(ﬁ/m)éﬁp - gﬂlzg (2-9)
porosity:

f=f 0[1+ cR(p- po)] (2-10)
fluid density:

r= r0[1+ C‘w(p- po)- cT(T- T0)+ CCC] (2-11)
fluid viscosity:

m= mg(C) exp[ B(&)(T*- TFf)] (2-12)
fluid enthalpy:

H=U,+U+p/r (2-13)
fluid internal energy:

U=c,(T-T,) (2-14)
rock internal energy:

Ug=cr(T- T,) (2-15)

where parameter c. in Equation (2-11) is defined in terms of an input density range (p,-Px)

and the reference density p,.:
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Cc:(rl'rN)/ro (2-16)

Furthermore, an internal energy U, isincluded in Equation (2-13) to account for the difference
in reference conditions as specified by the anayst and the reference conditions specified
internally for the enthalpy.

2.2 THE GLOBAL STEADY-STATE EQUATIONSFOR FLOW AND BRINE

TRANSPORT

In safety evaluations for nuclear-waste repositories, quite often the time frame of
interest may extend over many thousands of years. Typicaly, the assumption of time invariant
flow and brine conditionsis justified in such cases due to the lack of specific datafor such a
long period of time. For the fluid flow, the overall effect of transient rainfall boundary
conditions may have aminor effect on radionuclide transport. Duguid and Reeves (1976)
have shown this to be the case for a combined saturated-unsaturated simulation of tritium
transport averaged over a period of only one month. For the brine transport, transient effects
in deep formations will be negligible also. For the heat transport, however, the radionuclides
stored within arepository will provide atransient heat source for thousands of years. Thus,
heat transport is considered here to be a transient process and is not included in the
steady-state option.

Two steady-state options have been included. The first option permits solution of the

time-independent flow equation:
Fluid (steady-state):

-Nxruy) - a9 - gy + Rg =0
convection production  sink/ salt (2-17)
source dissolution

In both options the accumulation and the matrix-exchange term are set to zero, as shown in
Equation (2-17). The latter is neglected because the local set of equations for the matrix are
not solved at a steady state. For the steady-state fluid-flow option. however, the salt
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dissolution term is also set to zero, and the effects of brine and heat are included through the
variable density and the variable viscosity.
The second option permits a coupled time-independent solution for both fluid flow,

Equation (2-17), and brine transport:

Brine (steady-state):

-N{rég) + N{rgc ><N(A:) - Cq - Cq
convection dispersion/ injected  produced
diffusion brine brine
+ R, =0
st (2-18)
dissolution

In this case, in addition to a variable density and a variable viscosity, the salt-dissolution term

is generally nonzero.

2.3 THE LOCAL TRANSIENT-STATE EQUATIONSFOR FLOW, HEAT,

BRINE, AND RADIONUCLIDE TRANSPORT WITHIN THE ROCK MATRIX

The flow and transport processes occurring within the rock matrix are conceptualized
as being one-dimensional in alatera direction relative to the movement in the fractures. Thus,
it is assumed that the fractures provide the only means for large-scale movements through the
entire system while the matrix provides most of the storage of the system. The approach used
here to treat the fracture-matrix system is similar to that used by Bear and Braester (1972),
Huyakorn et a. (1983), Pruess and Narasimhan (1982), Tang et a. (1981), Grisak and
Pickens (1980), Streltsova-Adams (1978), and Rasmuson et al. (1982).

Conservation equations used here for the matrix are very similar to those presented in

Section 2.1. They are asfollows:
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Fluid (matrix):

-Nqr'v) + G, = lt(f'r')
convection gainfrom accumulation (2-19)
fracture

Heat (matrix):

-Nxr'H'u) + N>‘(E'HNT7 + (H'G‘W+G'H2I

convection conduction exchange wit
dispersion fracture
= %[f UL f)r U
accumulation in fluid 2.20
and rock (2-20)
Brine (matrix):
-N >(r 'é'g) + N >(r 'E'c Né') + (é G'W+G'C?-,
convection dispersion/ exchangewit
diffusion fracture
_ 1(f ' C)
it .
accumulation (2-21)
Radionuclider (matrix):
-Nqr'c,u) + N{r'e.NC,) + é K Ksf'r'Cy
convection disperson/ sgeneration of
diffusion component
r by decay of s (2-22)
S1KLETC, 4 (C,Gy+G,) = %(K'rf'r'C',)
decay of exchange with accumulation

component r fracture

D:\SWIFT\Theory_Fig.wpd 9
February 21, 2000



Both convection and dispersion terms are retained in Equations (2-19) through (2-22).
These terms arise only through fluid-density changes and likely will be negligible except for
highly pressurized and/or highly heated regions. It is anticipated that either parallel fractures
(idealized in Figure 2-1a) or intersecting sets of parallel fractures (idealized in Figure 2-1b)
will betreated. A prismatic block isinvoked in the numerical solution, and for the latter,
either prismatic or spherical blocks may be used to approximate the actual matrix geometry.
Thus, either one-dimensional Cartesian or spherical geometry may be used for the local matrix
equations. In either case, the interior boundary is assumed to be a reflective no-flow
boundary. The fracture/matrix interface provides a source I, which isidentical to the
fracture loss I to within a geometrical scaling factor.

Many of the coefficients of Equations (2-19) to (2-22) require further specification.

The coefficients of the second-order transport terms are defined as follows:

E'.=D“+D'_ (2-23)
E,=D'r'c, +K' (2-24)
D'=a', U (2-25)

For the rock matrix, diffusion is expected to dominate the dispersion E'¢,, in contrast to the
dispersion E. for the global simulation. Consequently, the dependence of diffusion upon
temperature is expected to be much more significant and is included through the linear
relation:

D' = D' [1+'(T- T, )] (2-26)
Sorption of radionuclides within the matrix isincluded via the assumption of alinear

equilibrium isotherm:

K', =1+r gk'y (1- 1)/ F° (2-27)
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Figure 2.1.
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Equations (2-19) through (2-22) are coupled by four auxiliary relations for:

Darcy flux (matrix):

u =- (k/m)Np (2-28)
Porosity (matrix):

fr=f '0[1+ Cr(P*- po)] (2-29)
Fluid density (matrix):

M= r0[1+ cw(P-Po)- cr(T-T,) +ccé'] (2-30)

Fluid viscosity (matrix):
m= rrh(é) exp[ B(é)(T 1. Tgf)] (2-31)

Fluid enthalpy (matrix):

H'= U, +U+p/r’ (2-32)
Fluid internal energy (matrix):

U =c,(T-T,) (2-33)
Rock internal energy (matrix):

Ug=c, (T-T,) (2-34)

Parameter c. is defined by Equation (2-16), and it is assumed in Equation (2-28) that
gradients of the elevation head are of negligible importance in determining Darcy velocities

within the matrix.
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3 SYSTEM DESCRIPTION

Several equations, or submodels, are given in Chapter 2 with which hydrological,
thermal, and geochemical properties of the equation may be specified. For example, fracture
porosity and matrix porosity are related to compressibility in Equations (2-10) and (2-29),
respectively. In addition, the nonlinear Freundlich isotherm is presented in Equation (2-8). In
this chapter additional discussion is given for four such submodels. In two cases, namely,
density and viscosity, the purpose is to provide additional insight regarding the choice of
parameter values. In the other two cases, salt-dissolution and waste leach, the intent isto

present the model structure more precisely.

3.1 DENSITY

One of the unique features of the SWIFT for Windows code is that it permits variable

densities and viscosities. The submodel for density is given in Equation (2-11):
r :r0[1+cw(p- Po)- (T - T0)+CCC] (3-1)

This relation has been investigated by Muller, Finley, and Pearson (1981). They conclude that
the use of constant values for ¢, and ¢ is adequate for most simulations but that the constant
¢; must be carefully chosen for the expected temperature range. Since the variation of ¢, is
only 0.5 percent for a pressure change of 100 bars, the use of a constant value of ¢, is
adequate for most hydrological simulations. The experimentally observed variation of density
with concentration for the brine coefficient c.. is not linear for four different salts. However,
using alinear relation introduces a maximum error of two percent in the density. Such an
error would likely be acceptable relative to other uncertainties in most smulations.

Parameter ¢, is somewhat more variable than ¢, and c.. To show this, Muller et al.
(1981) compare experimenta data from Kennedy and Holser (1966) with the linear model of
SWIFT for Windows and with a density model of Sorey (1978), which contains a quadratic
term in temperature. Figure 3-1 shows density variations from areference value at 20°C. As

shown, Sorey's quadratic model compares quite favorably with the data. The linear model
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Figure3.1.  Graph of Density Variations as a Function of Temperature. The SWIFT for
Windows linear model may be compared with Sorey’ s quadratic model and
with experimental data for pure water form Kennedy and Holser (1966).
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shows a sensitive dependence to the value chosen for c;. If thisvalue is taken from the slope
of the data at 20°C, the predicted densities can vary by as much as eight percent at elevated
temperatures. However, if the value for ¢, is chosen at 60°C, the variation is one percent or
less.

INTERCOMP (1976) examines parameters c. and ¢, as coupled functions of brine
concentration and temperature with ssimilar results. The conclusion isthat alinear model is
adequate for parameters c,, and c., but that ¢, must be based on the expected temperature

range.

3.2 ViscosITy
The SWIFT for Windows code uses Equation (2-12) to express the dependence of

viscosity on concentration and temperature, namely

B(C)(T*- T (3-2)

m= an(é)exp

Quantities U and B are empirical functions which are determined from data. The relationin
Equation (3-2) is shown schematically in Figure 3-2. Data of varying amounts, depending on
availability, are specified dong Curvesr, i, and ¢ and are used to determine the empirical
relations Lx(C) and B(C). Curvesr and i are given by the extreme concentration values and
aregiven as u(0,T) and (1,T), respectively. Curve c, on the other hand, is defined by an
intermediate value of temperature called the reference temperature T and is given by
M(C,Tg). From the data given for Curvesr and i, the following four values of the empirical
congtants are determined: [, (0), kg (1), B, = B(¢), and B, = B(l). From the latter two,
function B(C) is determined by linear interpolation. From the former two, and from such
additional data given aong Curve ¢ as may be available, function pu(C) is determined either
by linear interpolation or by power-law interpolation, depending on the amount of additional
data. In summary, Equation (3-2) and the above-mentioned techniques for determining
empirical functions pug(C) and B(C) constitute the viscosity submodel of the SWIFT for
Windows code.

The minimum data needed are the two points L(¢,TRR) = VISRR and p(1,TIR) =
VISIR (Reeves. et d., 19864, p. 25). Additional data from the general curve of Lewis and
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Figure 3.2.
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Squires (1934) is supplied internally by the code. Additionally, one may specify other values
forC=0and C=1, (i.e, for Curvesr andi in Figure 3-2). Or, inthe best case, one may aso
supply mixture data for reference temperature T = TRR.

Muller et a. (1981) compare SWIFT for Windows viscosity model calculations in two
of the above cases with experimental viscosity-temperature data for pure water. Some of their
results are shown graphically in Figure 3-3, where the experimental data of various
researchers may be compared with results from the SWIFT for Windows viscosity model. For
the curve labeled "genera curve,” only one data point is supplied. The SWIFT for Windows
viscosity model supplemented this single data point with the general curve of Lewis and
Squires (1934) and performed a |east-squares fit to obtain the parameters u;(0) and B(0) of
Equation (3-2). SWIFT for Windows viscosity model results compare poorly with the
experimenta data at the two extremes in temperature. Thereis a 25 percent deviation of the
SWIFT for Windows viscosity model results from experimental data.

For the curve labeled "exact fit" in Figure 3-3, only two data points are supplied:
viscosities at the reference temperature of 20°C and at 60°C. The SWIFT for Windows
viscosity model then performs an exact fit to obtain pg(0) and B(0). The comparison with
experimenta data hereis quite satisfactory for the temperature range 0 to 120°C. Of course,
additional viscosity-temperature values could be used to improve the fit further.

In INTERCOMP (1976), this viscosity model is compared with experimental
viscosity-concentration data. Varying amounts of viscosity- temperature and
viscosity-concentration (at 59°F) data are specified for the determination of the empirical
functions i(C) and B(C). In each case, the viscosity model is then used to calculate a
viscosity concentration curve at 150°F. Results are displayed in Figure 3-4; these
observations are similar to those of Muller et a. (1981). In Caselll, only two data points are
provided, and the viscosity model uses the data of Lewis and Squires (1934). The agreement
between model and experimental resultsis relatively poor with a maximum deviation of about
18 percent. On the other hand, in Cases | and |1, where additional data are specified,
calculated results are acceptable, showing a maximum deviation of 5 percent from the

experimental data.
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Figure 3.3.

Graph Comparing Viscosities Measured at Various Temperatures With Those
Cdlculated by the SWIFT for Windows Viscosity Model.
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Predicted Brine Viscosity at 150°F with Three Levels of Available Data (T,C).

Figure 3.4.
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3.3 SALT DISSOLUTION
The salt dissolution mechanism appears in the fluid flow Equations (2-1) and (2-17)
through the source term R’ and in the brine transport, Equations (2-3) and (2-18), through

the source term R.. These quantities are defined by

Re =frigfc(1- €) (3-3)

and
Rc=ccRc/(1+c¢c) (3-4)

where coefficient c.. is defined by Equation (2-16). It should be noted that two parameters are
used to characterize the dissolution process, namely, arate constant k. and a mass fraction f
of solublesto total solid mass. This formulation of dissolution is similar to that of Nolen et al.

(1974), where salt-cavern formation for storage of crude oil was considered.

34 WASTE LEACH

Another submodel which is present is that for waste leach. The purpose of this model
isto determine the source rate q,, (See Equation (2-4)) at which aradionuclide r from a
repository is dissolved into solution. More specificaly, this model considers each radioactive

component to be in one of the following distinct phases:

1. unleached from the waste matrix,
2. leached but undissolved, or
3. dissolved.

Phases (1) and (2) are coupled by the leach rate. Thereis, of course, considerable uncertainty
in the time dependence of thisrate. However, in accord with arguments given by Campbell et
a. (1978), we have chosen a constant leach rate for the implementation. Phases (2) and (3)
above are coupled by the solubilities. The source rate g,,, for dissolving Phase (2) is kept
small enough that the solubility of any given nuclide will not be exceeded. Radioactive decay

and production processes are considered throughout the analysis.
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As mentioned above, there are three phases to be tracked; specifically, the unleached
radionuclides within the waste matrix m,, the undissolved nuclides no longer in the waste
matrix S, and the dissolved leachate C,.. The appropriate conservation equations may be
written in the following manner. For the dissolved phase of component r:

-fxrc,u)- q, +5°} kJ KfrC.-1 KirC, = %(errcr) (3-5)

for the undissolved, but leached, component r:

o ds,
) RWr + Qs +a krs sSs - | rSr = dt (3-6)
and for the unleached component r:
3 Kk, m.-1 m =9m (37)
S dt

The constant fractional leach rate is taken to be 1/t,, which yields the leach rate:

_i-m(t)r, Ity t EtEL +t,

Rur = 10 , otherwise

(3-9)

it isunderstood that s # r in each summation in the radioactive decay and production terms of
Equations (3-5) through (3-7). Equations (3-5) and (3-6) are always solved numerically by
the SWIFT for Windows code. Furthermore, they are solved in such a manner that the fluid
concentrations never exceed the solubility limit.

Two comments are appropriate for the waste-leach equations, Equations (3-5) through
(3-8). First, for the unleached component, Equation (3-7) either may be solved internally and
numerically by the SWIFT for Windows code, or it may be solved externally by a code such as
the ORIGEN code (Bell, 1973). In the latter case, power-law interpolation from tabular input
datais used by SWIFT for Windows. Second, Equation (3-5) is asimplified version of
Equation (2-4), the general transport equation for aradionuclide. Dropping the source/sink
terms C.q and ¢, isimmaterial since there would be no wells completed into the repository.

Neglecting dispersion, the E term, however, deserves some explanation. Equations (3-5)

D:\SWIFT\Theory_Fig.wpd 21
February 21, 2000



through (3-8) are solved only for repository blocks and not for the entire system. The
purpose is only to determine g,,, and in order to make the algorithm as efficient as possible,
physical dispersion is neglected. Furthermore, in order to calculate g, most easily, an explicit
algorithm is used for the convective-transport term in Equation (3-5). Thisresultsin
numerical dispersion which compensates, to some extent, for the loss of the physical
dispersion term. Asafina word of explanation, it should be noted that the accuracy of the
solution of Equation (3-5) isimportant only for the case in which solubility is restrictive. Our
present experience indicates that the algorithm performs quite satisfactorily, even in that case,

in that it achieves the solubility to within a few percent.
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4 SOURCE/SINK CONSIDERATIONS

The term “well,” as used here, denotes either a source or asink for a system.
Mathematically, it is denoted by q in Equations (2-1) through (2-4). Physically, awell may be
used to characterize avariety of mechanisms. Originally, when the SWIFT code was strictly a
waste-injection model (see INTERCOMP [1976], Part 1, App. B), thisfacility was used to
simulate injection and production wells. When the scope of the code was enlarged to include
waste isolation, application of the well submodel was likewise enlarged. Thus, wells are now
also used to simulate both aguifer recharge from upland areas and aquifer discharge into rivers
and streams. The model option permitting switching from rate to pressure control is
frequently useful for such smulations. In some applications, wells are used smply to establish
flow boundary conditions. The purpose of this chapter isto present the well model and
severa related topics. The latter include the wellbore model, the injection/production of
enthalpy and mass viawells and the separate sink/source terms g, of Equations (2-1) through

(2-4). The subscript X isageneric symbol denoting either fluid, heat, brine, or radionuclide.

4.1 WELL SUBMODEL

Much of the terminology presented here derives from petroleum reservoir engineering
and would appear to be appropriate only for injection and production wells. However, the
concepts apply equally well to any type of source/sink mechanism. The following discussion
about well index, mobility, and rate allocation illustrates the general application of the terms.

There are three purposes for defining the terms well index, mobility, and rate
alocation: (1) to relate the pressure of source or sink at a sub-grid scale to the average
grid-block pressures; (2) to distribute fluid between different permeability layers to meet a
specified net source or sink rate; and (3) to define a boundary condition of constant rate
(injection or production), constant pressure, or a switch-over between the two. The second
item is more applicable to the case of an actual well, whereas the first and last items are
generally applicable. The following discussion provides a background about sources and

sinks.

D:\SWIFT\Theory_Fig.wpd 23
February 21, 2000



411 WELL INDEX

The region surrounding awell is called the skin (see Figure 4-1). The ability of this
region to transmit fluid may be either degraded or enhanced relative to that of the undisturbed
formation, depending on well completion. This transmitting capability of the skinis
characterized by the well index WI, which is generally defined by the relation

q= (WI /m)Dp (4-1a)

where q isthe flow rate in ft3/d (m*/s) and Ap is the pressure drop across the skin region in psi
(Pa). For specific values of fluid properties i, and p,, the well index may be defined in terms
of head drop rather than pressure drop:

q= WI_DH (4-1b)
where WI, is measured in ft¥day or m%s and is defined by

WI, =T 0(g/ gC)WI /'m, (4-2)

The SWIFT for Windows code requires WI, as input, where p, and i, are defined in terms of
reference values of pressure, temperature, and concentration.
For injection or production wells, the well index may be estimated by a

one-dimensional, steady-state solution of Equation (2-1) which yields

Wi, = 2pK_ & Dz, /¢n(r,/r,) (4-3)
k

where K, is the hydraulic conductivity of the skin and where index k ranges over al layersin
which the well is completed. This equation is directly applicable for radial coordinates since
radiusr, is defined as the position of the first nodal point in that case.

For Cartesian coordinates, radius r, is not defined directly, but may be specified in

terms of the radius

v2

T= (Dny/ p) (4-43)

Schematically, the assumed relation between the skin radius and this average block radiusis
shown in Figure 4-2. Mathematically, this relation is given by
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Figure4.1l.  Characterization of the Skin Region Surrounding a Well.
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Figure4.2.  Concept of Skin Thickness for a Cartesian Grid Block. Herer isthe radius of
an equivalent circle and rl denotes the distance to the average pressure of the
cone of influence between rw and r.
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en(r/r,,)= rW{1+(T/rW)[1n(F/ ry)- 1]}/(? ) (4-4b)

In this case, the pressure drop Ap of Equation (4-1) is the difference in pressures between the
well and the grid block pressure, and radiusr, is taken to be the location of the radially
averaged pressure of the cone of influence between radii r,, and r. An alternate approach to
Equation (4-4b) for determining the effective radius r, within a Cartesian system is given by
Pritchett and Garg (1980).

For smulation of aquifer recharge or discharge, one might choose the skin to be
identical to the block itself. In this case, the well index may be related to the transmissibility,
as depicted in Figure 4-3 for a block bounded on one side by ariver. The well index in that

case would be
WI, = K DyDz/(Dx/2) (4-5)

where K is the block conductivity rather than the skin conductivity.

412 MOBILITY

In the case of an actual well, we consider another concept which is quite similar to that
of well index, namely mobility. Both terms relate to the transmissive properties of the skin.
For the case of awell completed into more than one layer, however, mobility isa
layer-dependent term which, to some extent, partitions flow between layers. A fractional
allocation factor k, is assigned to each layer. Typically, each factor is taken to be proportional
to the thickness-permeability product for that layer. Mobility for layer k is then defined to be

M, =(k,/mwi (4-6)
41.3 RATE ALLOCATION

There are two ways in which the partitioning of flows takes place within the code,

depending on the option chosen. The appropriate control parameter INDW1 is specified in
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Figure4.3. Useof aWell to Smulate Seepage to a River.
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the data input guide (Reeveset al., 1986a, p. 70). Thefirst option (IINDW1 = 1) isthat of

rate allocation on the basis of mobilitiesaone, i.e,,

Qk:qu/é M (4-7)
K

A second option ( |IINDW1| = 2 or 3) israte alocation on the basis of mobilities and
pressure drops. Here the flow rate allocated to layer K is given by

A =[P * (1 9/ 9c)(Ne - )~ PV, (4-8a)

where the bottom-hole pressure p,;, is determined in terms of the grid-block pressures by the

condition

g=a a. (4-8b)
k

Subscript ¢, denotes the first layer in which the well is completed (see Figure 4-1). The

bottom-hole pressure is defined to be the well pressure at hCl , the depth of the center of this

layer.

The SWIFT for Windows code applies Equations (4-8) for the case of arate
limitation. It does so in either an explicit (IINDW1 = 2) or asemi-implicit (I INDWI = -2)
manner. In the former case, the evaluation of the right-hand side of Equation (4-84) is lagged
by one time step relative to the most current calculation. In the latter semi-implicit case, each

g, for the current time step n+1 is expanded about the previous time step by the relation

it+1 _ it+1

qc = qikto + M, dp, (4-99)

where g is evaluated iteratively as follows:

Gho = -{[ Pl * (r0/ 0| - PR M, it=1 (4-9)
and
q‘k‘o=Ql§'1Q/é gy, it>1 (4-90)
k
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41.4 VARIABLE RATE/PRESSURE LIMITATION FOR TRANSIENT APPLICATION
This useful well option (| IINWD1| = 3), in addition to rate allocation on the basis of

mobilities and pressure drops, has another feature. It permits switching between rate and

pressure limitations. Thus, for injection, both a maximum bottom-hole pressure p;, and a

maximum pump rate g® may be specified so that the specified rate is maintained until the
maximum pressure is attained. At that time, the pressure is controlled at its maximum value,
and the rate falls below the specified rate. Such cases are illustrated in Figure 4-4 for cases of
both injection and production. In addition to its usefulness in smulating wells, this facility is
also useful in smulating recharge, when the “bottom-hole” pressure, i.e., the surface pressure,
cannot exceed atmospheric pressure. It has also been used for simulating ariver by forcing a
pressure limitation.

Variable rate/pressure limitation is implemented by a more flexible usage of the same
equations which were used in the previous section. For example, consider the explicit
(IINDW1 = 3) case for an injection well (see Figure 4.4). Here, Equations (4-8) are applied
in the following manner starting from a rate-controlled situation. At each time step, the

following algorithm is used:

1. Pressure P, is determined from a combination of Equations (4-8), using
q=q®.
2. If Py, < Ppp . then rate control is used, and source terms g, are calculated

from Equation (4-8a), using p,, as determined in Step 1 above.

3. If Py, > Ppy» then pressure control is used in that source terms g are

calculated from Equation (4-8a), using P,,, = Ppn, - Thetotal fluid injection
will, in this case, be less than the specified amount, i.e, q<g®.

4. Pressure control, i.e,, P, = Ppy, is maintained until the pressure gradient

between the wellbore and grid block becomes sufficiently great that the fluid
injection rate exceeds the specified maximum, i.e., g > g®. At that point, the
code changes back to rate limitation (Step 2 above).

The corresponding algorithm for the case of a production well is easily obtained by analogy.
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Figure4.4.  Pressure Profiles Illustrating the Use of Variable Rate/Pressure Limitation.
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In contrast, the implicit (IINDW1 = -3) case isimplemented by using a more flexible
implementation of Equations (4-8) and (4-9) than for the case INDW1 = -2. Starting from

rate control, the following procedure is used for an injection well:

1. Pressure p,, is determined explicitly from a combination of Equations (4-8)
using g = g®.
2. If Py, < Ppp . then rate control is used, and source terms g, are calculated

from an iterative implementation of Equations (4-8) and (4-9). In thiscase, at
each iteration the coefficient of dp, in Equation (4-9) isincluded in the
diagonal of the propagation matrix, which carries the solution from one time

step to the next, and "' isincluded in the load vector.

3. If Py, > Ppy» then pressure control is used in that, from Equation (4-9b)
0o =-{[P% +(ro/gc)(nu - he)]- pifMm, (4-10)

Iteration is not necessary in this case.

4. Pressure control, i.e., P, = Ppn+ IS Maintained unless the fluid injection rate

exceeds the specified maximum, i.e., g > g¥. At that point, the code changes
back to rate limitation (Step 2 above).

The corresponding algorithm for the case of a production well is easily obtained by analogy.

415 PRESSURE LIMITATION FOR STEADY-STATE APPLICATIONS

In a steady-state fluid-flow application, it is anticipated that the analyst will not need
the facility for changing between rate and pressure limitations during the course of a
simulation. Thus, for this case, the analyst may specify either a. flow limitation (| INDW1| =
2) or apressure limitation (| IINDW1| = 3). The flow limitation isimplemented in the same
manner as discussed above for the fully transient simulator with only one exception. Time
stepping as indicated by the superscript n in Equations (4-9) is replaced by an iteration on the
nonlinear flow equation.

The implementation of the pressure-limitation option is similar to that of the

rate-limitation option. In the explicit case (IINDW1 > 1). Equation (4-8a) isthe working
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equation. The only difference is the determination of the bottom-hole pressure. For a

pressure limitation, this quantity is known, i.e., p,,, = P, . However, for arate limitation,

the bottom-hole pressure is not known and must be calculated using Equation (4-8b). In
either case, the entire right side of Equation (4-84) is determined explicitly using pressure
values determined by the last iterate.

For the implicit case (IINDW1 < 1), the working equations become Equations (4-9).
The mobility term is applied implicitly under both rate and pressure limitations. Again, the
difference isin the bottom-hole pressure term. For the pressure limitation, the term q, is
known directly from Equation (4-10) and no further iterations are required. For the rate
limitation, however, thisterm is not known and must be inferred via iteration using Equations
(4-8) and (4-9). Hence, the application of Equations (4-9) is semi-implicit for the

rate-limitation case and fully implicit for the pressure-limitation case.

4.1.6 SUMMARY

In summary, all sources of fluid and sinks of fluid are called wells regardless of
whether they are actual injection or production wells. Furthermore, all such wells are
characterized by rate, bottom-hole pressure, position, completion layer, well indices WI ,, layer
allocation factors k;, and a specification option INDW1. The specification option determines
whether rate allocation will be viamobilities alone (IINDW1 = 1) or viamobilities and
pressure drops (| IINDW1| = 2 or 3). In addition, this specification option determines
whether pressure control may also be applied (| IINDW1| = 3) and also whether the
source-sink term will be applied explicitly (IINDW1 > 1) or implicitly (IINDW1 < -1).
Finally, the meaning of the option (| IINDW1| = 3) is somewhat different in steady-state than
in transient applications. For the former, this option means variable pressure-rate limitation.

For the latter, however, this option means pressure limitation only.

4.2 WELLBORE SUBMODEL
For some applications, it is more convenient to specify top-hole conditions than

bottom-hole conditions. To accommodate this situation, the SWIFT for Windows code
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provides awellbore submodel to account for both energy losses to the formation surrounding
the wellbore and frictional pressure drops within the wellbore. Two simultaneous ordinary

differential equations are solved. Oneis an expression of conservation of energy and is given
by
dH = - dQ,,+d(p/r) (4-11a)

This equation focuses upon the region within increment Az and within the inner wellbore
radius r; (see Figure 4-5(b)). It states that the net enthalpy gained by the fluid in transversing
this region arises from aloss of heat dQ, to the rock formation and the work d(p/p)
performed on the fluid. Here dH and dQ,, are mass specific, i.e., Btu/lbm or Jkg.

The second equation solved by the wellbore submodel may be viewed as a definition of
the mechanical-energy term in Equation (4-11a). Itis

dp=rgfdz/g.+t;dz (4-11b)

The first term on the right side gives the gravitational component of the pressure change, and
the second gives the frictional component. Inherent in the shear-stressterm t; isasign to
indicate that the pressure drop occursin the direction of the flow. Actually, the code dlightly
generalizes Equation (4-11b) for which the wellbore isinclined by an angle O (input variable
THETA [Reeveset a., 19863, p. 71]) to the vertical.

421 BOUNDARY CONDITIONSAND OUTER ITERATIONS

This section will address boundary conditions and then discuss heat loss and formation
and frictional pressure losses in Equations (4-11). Table 4-1 shows the four different cases
which arise. The conditions given there are specified in terms of the variable sets (p, T) and
may, of course, be transformed via Equations (2-13) and (2-14) into the variable sets (p, H)
appropriate for Equations (4-11).
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Figure4.5.  Conceptuaization of the Wellbore Submodel.
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Table4.1. Boundary Conditions for the Wellbore Integration.

Well Type
Control Injection Production
Rate p(L), T(0) p(L), T(L)
Pressure p(0), T(0) p(0), T(L)

Most of the conditions shown in Table 4.1 are specified in a natural manner.
Temperatures are always given at the surface (via program input parameter TINJ [Reeves et
a., 19864, p. 71]) for injection and at bottom-hole (from current formation conditions) for
production. The bottom-hole is denoted there by the parameter L. Pressures for
rate-controlled production and pressure controlled injection (input variable THP [Reeves et
a., 1986a. p. 73]) are specified in an analogous manner. There are, however, two casesin
which the pressure condition requires explanation. First, for rate-controlled injection, the
bottom-hole pressure required to inject the specified rate is computed, and this value, imposed
as aboundary condition, is then trand ated to the surface by means of the wellbore model.
Secondly, for pressure-controlled production, a minimum value of the applied top-hole
pressure is specified as alimit. Whenever the specified rate of production would require a
lower pressure, the limiting pressure is used. The point here isthat this limiting pressureis
applied at the surface in this case as a boundary condition to the wellbore model.

These two cases, i.e., rate-controlled injection and pressure-controlled production,
present a problem for the numerical integration since pressure and temperature conditions are
specified at opposite ends of the wellbore. Because of the strong coupling through both
pressure and temperature variables, integration must proceed in the same direction for both
equations. The wellbore submodel solves the problem through iteration. To be specific, take
the case of rate-controlled injection. A pressure condition pY¥(0) is estimated, where 'y is the

iteration index. and the enthalpy condition HY(0) is computed via the relation

He(0)= U, + cp[T(O) - To] +p°(0)/r9(0) (4-12)
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Equations (4-11) are integrated in a downward direction to determine enthalpy and pressure
profiles, in particular the pressure p*(L). By comparing with the specified pressure p(L), the
boundary estimate p'**(0) may be refined.

Iteration within the outer loop proceeds until either the tolerances (TOLX for relative
change or TOLDP for absolute change [Reeves et a., 19864, p. 68]) or the maximum number
of iterationsis exceeded. For relatively large frictional losses, oscillations may develop in this
outer iteration loop. Therefore, a damping factor (DAMPX [Reeves et al., 19864, p. 68]) is
included. Thisfactor hastherange 1 < DAMPX < 2 and has the effect of including more of
the previous iterate (p**(0) in the above case) in the extrapolation to the current iterate
(pY*4(0)) as the damping factor increases. The iteration loop on boundary conditionsis termed
an “outer” loop since two inner iterations are required to solve the enthalpy and pressure

eguations for a given pass through the outer iteration loop, as will be demonstrated bel ow.

422 HEAT LOSSTO THE FORMATION

A conceptualization of the heat-loss process is shown in Figures 4-5(a) and 4-5(c). As
afluid passes through the wellbore, a temperature drop (T,-Tg) between the fluid within the
tubing and the geologic formation (at large radial distances) drives the flow of heat outward
from the wellbore to formation. A constant geothermal gradient is assumed for the formation
such that

Tr(2) = Tr(0) + (2/ '—)[TR('-)' TR(O)] (4-13)

Insofar as the SWIFT for Windows code is concerned, the hesat flow occursin two
stages, namely, from wellbore fluid to the outer casing surface and from outer casing surface
to the geologic formation. The first transport process is assumed to be a steady-state process
described by heat-transfer coefficient U,

dq,
ds

= UG(TT - TG) (4-14)

where dq,, is the flow rate and do is the differential area (a r;) whose normal is paralel to the
flow. Coefficient Ug isan input to the code (input parameter UCOEFF [Reeves et al., 19863,

p. 71]).
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To determine U, the analyst may consider its various components to constitute a

group of resistorsin series with the result being
1/Ug =1/h; + rT[ln(rTo / rT)/ K, + 1n(rGI /rTO)/ Ka+ 1n(rG / rGI)/ KG] (4-15)

The group of logarithmic terms represents thermal resistances for the tubing, the annular fluid
and the casing walls. The logarithms appear because of the choice of aradial coordinate
system. The overal multiplier r; appears because the per-unit-area flow rate is referenced to
the inside of the tubing.

The term h; is the heat-transport coefficient appropriate for the fluid film which lines
theinterior of the tubing. It isgiven by McAdams (1954) as

2h,r, / K,, = 0023 R>*pP"® (4-16a)

where K,, is the thermal conductivity of the fluid. Aswould be expected, both a flow
parameter (R,) and a heat transport parameter (P.) are needed to define this quantity. The
former, the Reynolds number, is

R.,=2rur; /m (4-16b)
where u is the average wellbore velocity. The latter is the Prandtl number

P = cpm/ Kw (4-16¢)

Heat transport from the wellbore fluid to the outer surface of the casing is one process
to be considered. The other isthat of conduction from the outer radius of the casing into the
rock formation. To solve this problem rigorously would most likely involve an r-z geometry
with atime-dependent boundary at the inner radiusr;. However, to simplify the anaysis,
vertical transport is neglected, as in the work of Ramey (1962).

Further, following Ramey, it is observed that for large times, the various solutions,
corresponding to different boundary conditions, all converge to the same profile. Large times,

of course, are to be determined relative to the inherent time constant of the system, i.e.,
t>>r2/k, (4-17)

where Ky is the thermal diffusivity of the formation.
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Cardaw and Jaeger (1959) solve the heat-transport equation for a line source subject
to a constant rate of release (page 262). They also solve this equation for the case of the
region bounded internally by afinite-circular cylinder. For a constant boundary temperature,
the results are reported on page 336 and for a constant rate of release, the results are given on

page 339. In each case, the solution for large timesis the following (in our notation):
day, = 2pKe(Ts - Te)dz/ H1) (4-184)

where K, is the thermal conductivity of the rock, T is the temperature at the casing-rock
interface and Ty isthe initial temperature of the formation (at depth z). The function Fis
given by

H(t) = - 1n[rG 4(2x Rt)] - g* /2 (4-18b)

where y* is the Euler constant
g*=057722... (4-18c)

Ramey (1962) further asserts that a radiation boundary at r = rg will also yield the same
solution for large times. Thus, Equation (4-18a) is chosen to describe the heat flow rate into
the formation.

However, before this equation can be used for the wellbore model, it must be modified

in two respects. First of al, it must be changed to a mass-specific basis, i.e.,

dQ, =dg,/q (4-19)
where q is the mass flow rate of the fluid. Second of all, the temperature T should be
eliminated using Equation (4-14) with do = 21tr.dz. Theresultis

dQ, = 2p rGU(TT - TR)dz/ qH(t) (4-20a)

where the new heat-transfer coefficient is defined as

1/U=1/ [UG F(t)] +r. 1 Kpg (4-20b)

Equations (4-20 a & b) are the working equations for the heat loss to the formation.
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4.2.3 FRICTIONAL PRESSURE DROPSIN THE WELLBORE

The frictional pressure drop is represented in Equation (4-11) by the term t;, where
T,I+/2 is the shear stress (McCabe and Smith, 1976). Thisterm isrelated to the friction factor
fvia

t, =fru’/2r, (4-21)

For laminar flow, the friction factor is taken to be

f=64/R, , R,£33 (4-223)
where the Reynolds number is given in Equation (4-16b) and where

R, =log,(R,) (4-22b)

For the transition zone, the following is used
f=10¢ , 33<R,f 36 (4-239)
with the exponent given by the polynomial
x = 260.67 - 22862 R, +66.307 RZ + 6.3944 R? (4-23b)

For the turbulent-flow region, the surface roughness f, of the wellbore becomes important so
that

f=f(R..f,) (4-24)

er’r

Here, anaytical fits to the curve of L.F. Moody are used (see Schlichting, 1955).

4.2.4 NUMERICAL SOLUTIONSAND INNER ITERATIONS

Within the wellbore model, the enthal py and pressure equations of Equations (4-11)
areintegrated. Asdiscussed in Section 4.2.1, the direction of integration of these ordinary
differential equations is downward for an injection well and upward for a production well.
Outer iterations on the boundary conditions are required for a rate-controlled injection well
and for a pressure-controlled production well because conditions are specified on opposite
sides of the wellbore. Outer iterations are indicated by the superscript 'y in the notation
below.
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For each incremental step Az, there are two iterations. The innermost iteration

(superscript o) isfor the enthapy equation. Equation (4-11a) in incrementa formis

DH;™ = - DQi + D(pE /1) (4-259)
HE* =HY , + DHE™ (4-25D)
The heat |ost to the formation is determined from the tubing temperatures T3, **¢ at iteration

level ci-l. From table look-up, the temperature T2 is obtained from the enthalpy of the

wellbore fluid within Az for iteration level o.. Convergence within the innermost loop is
determined by comparing these two temperatures (relative tolerance parameter, EPS [Reeves
et a., 19864, p. 69]).

The pressure equation is integrated within the intermediate iteration loop 3. Here,
pressure is treated as the independent variable and a constant increment Ap is used (input
parameter, DELPW [Reeves et a., 19864, p. 22]). Thus, Equation (4-11b) becomes

Dz = Dp/(r g/ g, +1°) (4-26)

Both the density p and the frictional shear-stress term T, are functions of temperature. For the
|atter, the dependence enters through the Reynolds number dependence on density and
viscosity (see Equation (4-16b)). Thus. the intermediate iteration loop updates the calculation
of the space step Az using the most recent value of the temperature. Coupling to the enthalpy
solution then occurs through the heat lost to the formation, which depends linearly upon this
Space step (see Equation (4-20)). An absolute tolerance of 0.5 ft (0.15 m) is the convergence
criterion for the intermediate iteration level f3.

The desired results from the wellbore model are the enthalpy and pressure delivered

either at the bottom-hole (injection) or at the top hole (production). These two quantities are

obtained by interpolation across the final interval (2,2 + Dz}) , which contains the pipe

length L (input parameter X [Reeves et a., 19864, p. 71)).
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4.3 WELLSAND SINKS

The mathematical formulation as given in Equations (2-1) through (2-4) makes
provisions for both wells (g) and other sinks (g,). Section 4.1 focuses upon fluid production/
injection from wells. Section 4.2 focuses upon frictional pressure losses within and heat losses
from the wellbore. These two factors bear upon both the fluid production/injection and the
enthalpy production/injection from wells. That discussion is enlarged to consider the
production/injection of brine and radionuclides. Also, since the sink terms are closely related

to the well terms, they will be combined into composite terms Q...

43.1 FLuiD
Equation (4-9) gives the most genera form for fluid production/injection. Coalescing

this expression with afluid sink/source g, gives

Qw = Quo, + My, dp (4-2724)
where
Quwo = do * Aw (4-27b)
and
My =M (4-27c¢)

Sink terms may be either positive (sink) or negative (source). Furthermore, there may be
severa independent terms of the form of Equation (4-27), each of which would be

characterized by unique grid-block indicesi, |, and k.

4.3.2 HEAT
For injection, enthalpy H, (equal to H(L) in equation (4-12)) is convected through the
well skin and into the formation viathe relation H,q. For production, the grid-block enthal py

is convected from the formation into the well viathe relation

H" +wc,dTq
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Here, n denotes the next-previous time level, w the time weighting factor (Section 6.1.4) and
OT is the temperature change during time-step n+1. As shown, the change in enthalpy is
assumed to arise primarily from the change in sensible heat.

Combining the terms for injection and production via wells with a prescribed

sink/source yields

Q, = Q.+ WM dT (4-283)
where
i1H.g+ , g<0
ous|HE 35
and
_10 ,g<0
MH —}Cpq , ((::Ilg 0 (4-28¢)

4.3.3 BRINE
For the brine, no sink/source other than awell is permitted. Otherwise, the

appropriate sink/source relation may be formulated in analogy with that for heat. Itis:

Q. = Qg + WM AC (4-293)
where
iCq,qg<0
Qco = :éln(; 23 0 (4-29b)
and
10, <0
MC:%‘q ’ggo (4-29¢)
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434 RADIONUCLIDE

Two species-dependent sources are permitted for radionuclides. They are (1) leaching
of radioactive wastes from within a designated repository region (Section 3.4), and (2)
disposal of a soluble radioactive waste from outside the system. Production viawellsis aso
included. (Injection viawellsisnot included.) When all of these effects are combined, the

resulting expression is:

Q =Q,+wM.dC, (4-30a)
where

Qo fqs arecia ar o @0
and

Mr:%g:gjg (4-30c)

Equation (4-30), since it iswritten in its most general form, contains the three processes of

sink withdrawal, waste leaching, and well production.
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5 INITIAL BOUNDARY CONDITIONS

The system description given in Chapter 3 and source/sink considerations given in
Chapter 4 only partly define the hydrogeological system. In addition, both initial and boundary
conditions must be given. The various options available to the analyst for specifying these two

items are discussed in this chapter.

51 INITIAL CONDITIONS
511 PRESSURE

For determination of theinitial pressure distribution, the code first assumes hydrostatic
equilibrium throughout the entire system and then determines fluid pressures. In addition,
however, the analyst may specify a constant Darcy flux in the x-direction. In this case, a
numerical integration of the velocity equation (Equation 2-9) is performed and the pressure
distribution determined for hydrostatic equilibrium is modified accordingly. Boundary
pressures are also determined for the constant-flux option.

Hydrostatic-Equilibrium Condition. In order to define the condition of hydrostatic

equilibrium, the analyst provides the initial fluid pressure p, (input variable PINIT [Reeves et
al., 19864, p. 28]) at any chosen reference point H, (HINIT [Reeves et a., 1986a, p. 28]), as
shown in Figure 5.1. The code then determines the total pressure via

B =p-ro.(a/a)(n- hy) (5-1)

where hy, (input variable HDATUM [Reeves et d., 19864, p. 28]) is the datum position

relative to the reference plane (see Figure 5-1) and where p, is the reference density.

Because of density variations, total pressure P, isused to fix fluid pressures only for

thetop k = 1 layer of grid blocks:
Py =B +1,(a/9.)(hy- ho) (52)

whereindicesi and j have been suppressed. For each column of grid blocks, i.e., constant i

and |, the remaining pressures are prescribed via the relation
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Figure5.1.  Specification of Geometry and Initial Pressure.

Here P, = PINIT, h = HINIT, h, = HDATUM, sin 6, = SINX, sin 6, = SINY,
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p(h) =P+ QT (p.2)(0/ 0. )z (5-3)

In genera, the density is afunction of both p and z (through initial values of T and C).
Because of this complexity, Equation (5-3) is solved with an iterative procedure. In

incremental form, itis

k-1
p:::l =Pt é. r Iet+112(g/gc)(he+1 - he) k>1 (5-49)
=1

Here, the dengity is given by

e oy 0 5-4b
0+1/2 %1/2(r';+r';+1),|t30 (5-4b)

Constant-Flux Initial Condition. In order to specify the constant-flux condition, the

analyst provides a Darcy velocity, which is assumed to be directed in the x-direction. The
code then uses an algorithm based on the velocity equation, Equation (2-9). The analysis

begins with the numerical implementation of this equation, namely
U, =- TWxx(Dxp' r ngZ/ gc) (5-5)

This equation shows the mass flow between neighboring grid blocks to be proportional to
differences in both fluid and gravitational potentials with the proportionality constant being
the transmissibility.

Expressing the potential in terms of a deviation Op from hydrostatic equilibrium p,, one

obtains approximately
Dp-rgbDz/g, = D(dp+ 5,) @Ddp (5-6)

Here and below, the subscripts x and W are assumed implicitly and dropped from the

notation. Grid-block indices, however, must be added so that Equation (5-5) becomes

Uity = Ti+1/2,jk(dpijk - dpi+1,jk) (5-7)
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with half-integer indices specifying grid-block interfaces. Now, the Darcy velocity U,
specified in the input to SWIFT for Windows as VEL (Reeveset a., 19863, p. 55), represents
the mean flux resulting from an average over the entire y-z face of the system. Thisvelocity is

also constant throughout the entire x domain of the system. Hence

u=a Uiy kDYDY /'S (5-83)
ik
where
s=4 Dy,Dz (5-8b)
ik

The result of combining Equations (5-7) and (5-8) is
u= Ti+1/2(d P; - dpi+1) (5-93)

where

— 0
T2 = A Tay;DY;Dz /s (5-9b)
ik
and where variations in the pressure changes in the y and z directions have been neglected.
The pressure change for thei = 1 grid blocks is assumed to be zero so that, from

Equation (5-9),

dp, = - l_J/i/z , dps = - U(]'/TSIZ t 1/T3/2)
and, in general,
dp, = - U/T, (5-10a)
where
UT =8 1T,y (5-10b)
(=2

Thus, for the constant-flux option, the fluid pressure corresponding to hydrostatic equilibrium

is modified as follows:
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Riik ® B +dp; (5-11)

Constant-Flux Boundary Condition. Whenever a constant flux initial condition is

prescribed, the boundary conditions for the x-direction are also specified. The algorithm, in
this case, is developed directly from Equation (5-5). Here, it is assumed that the grid-block
boundary pressures are prescribed at the same elevation as the grid-block nodes. Thus, there
isno potential change due to elevation differences, and Equation (5-7) may be written as

follows for thei = 1 grid block
Ugk = Tojk(pojk - pljk) (5-12q)

where p, isthe pressure at the grid block center and p, is the pressure at the boundary. The

transmissibility T, refersto the externa boundary of the grid block i = 1 and is approximated
by
Toi = (Dxl + DXZ)T3/2,jk / DX, (5-12b)

Following the same procedure used in the development of Equation (5-9), the relation

obtained is
u=T,(pye- Py (5-132)
where
T.=a T,DyDz/s (5-13b)
ik

and variations in the pressure drops in the y and z directions have been neglected.

Equation (5-13a) may then be solved directly for the boundary pressure:
Pojik = Pijk +T/T, (5-14)
In asimilar manner, the pressure for the grid block i = n, may be expressed as
Poik = Pn,jk - u/T, (5-15)

Equations (5-14) and (5-15) express the boundary pressure p, of a given grid block in

terms of theinitial pressure p at the block center. This pressure is then assumed to hold
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throughout the simulation for arbitrary values of the grid-block pressure. This means that the
flow, in genera, will vary from itsinitial value u to a different value g,,. Denoting the
boundary block by ( = (i, j, k) and simplifying the notation in arather obvious manner,

Equation (5-12a) may be written
S = T((pof - pl) (5-16)

Here, T, isthe transmissibility appropriate for the outer boundary of the block, as in Equation

(5-12b). However, p, is here atime-dependent pressure which varies from time-step n to

time-step n+l:
P =p; +dp (5-17)
Substituting Equation (5-17) into Equation (5-16), one obtains
ey, = ay, t by, dp, (5-18a)
where
a, = T,(po - D)) (5-18b)
and
by, =-T, (5-18c)

Equations (5-18) are the working equations of the model for boundary fluid flows.
These boundary flows give rise to the convective transport of enthalpy and
contaminant (brine and radionuclide). Boundary conditions resulting from both convection

and dispersion/conduction are considered in Sections 5.3.2 and 5.3.3.

512 TEMPERATURE

In order to specify theinitial temperatures, an interpolation function
(Z||’-I-||) y I = :L2,...,n-|— (5'19)

issupplied. (Interms of program variables, the notationis (ZT(I), TD(2)), | =1,2,...,.NDT
[Reeveset a., 19863, p. 26]). Assuming the initial temperature to be independent of x and y,

D:\SWIFT\Theory_Fig.wpd 50
February 21, 2000



the temperatures of both the system and its over/underburden are determined with linear

interpolation.

513 BRINE AND RADIONUCLIDE CONCENTRATIONS

Both brine and radionuclide concentrations are initialized by direct input.

514 ROCK MATRIX

The analyst may designate certain global grid blocks as dual porosity blocks. To
initialize the rock matrix in these blocks, equilibrium is assumed so that pressure, temperature,
brine and radionuclide concentrations are the same both within the fractures and with the rock

matrix.

52 AQUIFER SUBMODELS

For purposes of this discussion, a distinction is made between the term “reservoir” and
the term “aquifer”. The former is taken to be that portion of the system for which a detailed
simulation is desired, whereas the latter is taken to be the remaining portion of the system.
The aquifer provides boundary conditions for the reservoir. Three different aquifer models
are provided by the SWIFT code in order to redlistically determine reservoir boundary
conditions. namely (1) an unsteady-state aquifer, (2) a steady state aquifer, and (3) a pot
aquifer. Aswill be shown, the latter two are special cases of the first. In each, atype three
condition is provided for each boundary grid block in which the rate of flow from aguifer to

reservoir is afunction of the pressure changes within the block.

521 UNSTEADY-STATE AQUIFER

Definition of the Aquifer Problem. Hereit is assumed that the geometrical shape of

the aquifer isthat of acylindrica shell (see Figure 5-2). Theinner dimensionr, is the externa
radius of the reservoir. For a Cartesian geometry this dimension, most likely, would be
chosen as the radius of acircle of equal surface area. The outer dimension r,, is the external

radius chosen for the aquifer itself. This dimension may be chosen to be either finite
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Figure5.2.  Geometrical Characterization of the Aquifer.
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or infinite, the latter being the default option for which the appropriate influence function is

supplied internally within the code. The thickness Ah is representative of the entire aquifer

and appears in the input through both a permeability thickness product and a

porosity-thickness product.

Starting from Equation (2-1) and assuming constant properties, the flow equation for

the aquifer may be written in dimensionless form as follows:

179 ® fPo0 _ fPo
D ﬂngDﬂrDia Mto

where the radius and time variables are given by

hb=r/r,
and
t, = t/t,
with
te =nf(cy +c,)r2k

The range of the radius variable within the aquifer is
1ER £ER, , Ry=1y/1,

It is assumed that initialy the pressure is constant, i.e.,
p(r,t=0)=p,

Thus, the dimensionless pressure variable is
Po =P/ P,

Furthermore, the dimensionless pressure drop may be defined as

Dpp = 1- Pp
and Equation (5-2) may be rewritten as

1 % & fbpy0_ fbpp

ry o P I o 1T,
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The Solutions of Van Everdingen and Hurst. Van Everdingen and Hurst (1949)

determined two different solutions for Equations (5-26) corresponding to two different
boundary conditions at the reservoir-aquifer boundary. For the constant-terminal-rate case,

the condition is taken to be

Dpy

(fD = ltD) =-1 (5-27a)
ﬂrD

and for the constant-terminal-pressure case, it is
Dpp(rp =Ltp) =1 (5-27b)
These authors determine a terminal-rate influence function
R (to) = DPo(ro = 1.t (5-289)

for the rate condition given in Equation (5-27a). They aso determine a terminal-pressure

influence function

o 1Dpy
Q'(tD):Q ﬂrlz

(ro = 1)t (5-28b)

for the pressure condition given in Equation (5-27b). Van Everdingen and Hurst present
tables of the dimensionless functions P, and Q, for three different conditions appropriate for
the exterior aquifer boundary R, namely, (1) infinite R, (2) no flow at (finite) R,, and
(3) zero pressure drop at R,. The table for P, corresponding to an infinite Rq, is coded
internaly in SWIFT for Windows as a default option.

The significance of these functions arises through the principle of superposition. Thus,
if the pressure history is known, the cumulative water flow W, in volumetric units, is given by

the convolution integral

w,(t, ) = Be(‘jD % (to- 1 )d (5-29)
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where
B, = 2pDhf (cy +cg)ré (5-30)

Furthermore, if the flow-rate history is known, the pressure history (at rp, = 1) may be
determined by a similar integral involving the termina pressure function P,. Such analyses
may be applied either to a wellbore bounded by an aquifer or to areservoir bounded by an
aquifer. Itisthe latter application which is of interest here.

The Approximation of Carter and Tracy. Equation (5-29) gives the cumulative water

influx through the periphery of an aguifer as a function of the pressure change occurring there.
It is, therefore, the type of relationship needed for computer applications. However, it is
awkward to apply in practice. Carter and Tracy (1960) have remedied this situation. By
assuming a linear variation in the water influx over atime increment, they obtain a relationship
which is quite suitable for computer implementation. Recasting their relation into aform

suitable for the SWIFT for Windows code, we obtain, for the flow rate,

G = 8y * bydp (5-313)
where

ay =- (BDp" - WIPT™) [t,(R - tpP™) (5-31b)
and

by =- Be/t(R™ - t5P") (5310)

Here the discrete time notation has been introduced in which the time level isindicated by a

superscript. Furthermore, e, isrelated to W, by the relation
-, = (We”+1 ; We”)(t”+l ; t”) (5-32)

In accordance with the adopted sign convention, an increase in storage in the aquifer
corresponds to a negative (outward) flow for the aquifer.
The results given in Equation (5-31) depend upon the terminal-rate-influence function

P(ty). Asindicated above, tables of this function for the infinite-aquifer case are coded
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internaly within SWIFT for Windows. However, one has the option of using any function
desired. Tablesfor P, corresponding to two other cylindrically symmetric configurations, are
given in Van Everdingen and Hurst (1949). These tables have been extended by Sikora
(1962). In addition, other tables, corresponding to more general configurations, are given in
Katz et al. (1963) and Katz and Coats (1968).

Distribution of Flow Rate Over Boundary Grid Blocks. In order to distribute the flow

rate given in Equations (5-31) to the various boundary blocks, a smple allocation factor o, is
used:

da.£1 (5-33)
where the sum is over al boundary blocks positioned adjacent to the vertical boundaries of the

system and o, measures the relative exposure of such blocks to the aquifer. Furthermore,
Equations (5-31) are modified to yield

€y, = Ay, T by, dp, (5-34a)
where
Ay, = a8y (5-34b)
and
b,, =a, by (5-34c)

For the unsteady-state model, a variety of options are available, including severa methods for
automatic specification. For the steady-state aquifer model and pot-aquifer (no flow) models,
the allocation factors are specified only viainput.

5.2.2 STEADY-STATE AQUIFER

Just as for the case of an unsteady-state aquifer, a cylindrical geometry is assumed for
the aquifer, as shown in Figure 5-2. It isfurther assumed that the aquifer isfinite and that a
pressure boundary condition isimposed at its outer extremity, r =r,. If the response of the
aquifer is sufficiently rapid relative to the time period of interest, then a steady-state
approximation may be used. Thus, the rate of flow coming into the reservoir from the aguifer
isgiven by
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ey = M, (p,- P) (5-35)

where M, is the mobility of the aquifer ( = 2nKh/uin(r/r)), P, is the boundary pressure at the
outer aquifer boundary r =r,, and p is the pressure at the inner aquifer boundary r =r.. Both
Schilthius (1936) and Katz et a. (1963) have considered the model.

Before introducing Equation (5-33) into a numerical algorithm, it is rewritten in terms
of two successive time levels. Furthermore, allocation to the various boundary blocksis

performed using the allocation factors described in the last section. Theresult is:

€y, = Ay, T by, dp, (5-36a)
where
a, = M, (p,- pl)a, (5360)
and
by, =-M,a, (5-36¢)

In effect, each boundary block ( is allocated a section of the aquifer which responds only to
the pressure p, of that particular boundary block. Equations (5-36) are the working equations
used by SWIFT for Windows.

The code requires that the analyst prepare a table of values M, ¢, for the input. In
doing this, one may, for example, choose «, to be the fractional area exposed to the aquifer,
as described in the last section. For M ,, one might take the steady-state solution to Equation

(5-20), which is, in dimensionless form,
€wo = Mo (1' pD) (5-379)
with

M p =1/1n(R,) (5-37b)
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The dimensionless quantities here are related to their dimensional counterparts via

ewo -y’ ;& =2pDhkp,/m (5-38a)
My =M,/ M, , M,,=¢/p, (5-38b)

and Equation (5-23) for the aquifer radius.

5.2.3 POT AQUIFER (NO-FLOW)
For the steady-state-aquifer model, it is assumed that the mobility of the aquifer is
sufficiently large that transient effects are of negligible importance in assessing the response of
the aguifer to changes within the reservoir. For the so-called pot-aquifer model, the same
assumption ismade. Thus, insofar as the aquifer is concerned, both are steady-state models.
The only difference between the two is the boundary condition for the external aquifer radius.
For the steady-state model, a constant pressure is applied, whereas for the pot aquifer, a
no-flow condition is applied.
The pot agquifer therefore acts as a unit with atotal accumulation governed strictly by
the flow to the reservair, i.e. ,
p

i (5-39)

- €y = (CW t CR)VA
where V , isthe aquifer pore volume. Pressure p represents the pressure of the entire aquifer
including, of course, the reservoir-aquifer boundary.

Finite-differencing the time derivative and alocating over the individual boundary grid

blocks ( yields the customary form

ey, = a,, t b, dpl (5-40a)
where

a,, =0 (5-40b)
and

by, =-a,(cy +Cgr)Va /Dt (5-40c)
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5.2.4 HEAT AND BRINE TRANSFERS BETWEEN RESERVOIR AND AQUIFER

The previous three sections have focused upon the flow between the reservoir being
simulated and the aquifer surrounding it. Thisflow gives rise to a convective transport of
enthalpy, brine, and radionuclides. For the f ormer two processes, dispersive/conductive
transfers between reservoir and aquifer are also permitted. For transport directed from aquifer
to reservoir, the initial conditions prescribed for the boundary block are assumed to
characterize the aquifer with which it communicates. Consequently, these initial values are
used explicitly, with the computed flow, to characterize the input of both energy and
contaminant to the reservoir. For transport directed from reservoir to aquifer, the current
conditions of the boundary block are used. These quantities are then used implicitly, in
addition to the computed flow, to characterize the output of both energy and contaminant to

the aquifer. The appropriate equations are developed in Sections 5.3.2, 5.3.3. and 5.3.4.

5.3 DIRICHLET BOUNDARY CONDITIONS

In Section 5.2 severa aquifer models are presented. By using one of these models,
one may specify reservoir boundary conditions indirectly in terms of the state of the aquifer.
In the case of Dirichlet conditions, one specifies directly the values p,, T,, and C, for the
dependent variables at the center position of a block face. The face-centered specified

dependent variable is connected to the block centered calculated variable by a transmissibility.

531 FLow

To understand the manner in which Dirichlet conditions are applied, it isinstructive to
consider the boundary block ( shown in Figure 5.3 for which the applied boundary pressureis
P,- Asillustrated, this pressure is applied aong the grid block at the same elevation as the
grid-block node. If, for example, the presence of ariver of surface elevation Ah below that of
the grid block were being simulated, so that the pressure (p = 0) were known at that elevation,
the prescribed boundary pressure would still need to be corrected to the center of the grid

block (p,, = pgAh/g,). The net flow may be expressed as
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Figure5.3.  Dirichlet Boundary Conditions for Boundary Block (.

Twl 1

l Twlo

ew_-> ahI .
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& = Too(Pro - P.) (5-41)

avariant of Darcy's law. Quantity T, IS the transmissibility, which in general isdefined asin
Sections 6.1.1 and 6.1.2. Here, however, for the bounding face it is obtained in terms of the

next interior transmissibility, i.e.,

T = (DX( t DXm)Twm/DXe (5-42)

This relation assumes that permeabilities and thicknesses are the same for Blocks 1 and 2. It
is aso important the next interior transmissibility be nonzero. The direct in assigning the next
interior transmissibility is user defined by the face type index (see Read R1-28, Reeves et dl.,
1986a. p. 39).
Applying the time-weighting procedure (Section 5.1.4), Equation (5-41) becomes
€, = aw, t by, dp, (5-439)

Here Op, is the incremental pressure change over time step At,
B, = Two(Pio - DY) (5-430)
with n denoting the previous time level, and
by, = - Twio (5-43c)

Equations (5-43) are the working equations for Dirichlet pressure boundary conditions.

53.2 HEAT TRANSPORT
Here two mechanisms must be accounted for, namely conduction/dispersion and
convection. In addition, a distinction is made between outflow (g, < 0) and inflow (g, > 0).

The basic equation for the (-th grid block is
€ = ewHipo t Thy (Téo - Te) (5-44)

Analysis of the conduction/dispersion term paralels that of fluid conduction.
However, the convection term is expanded in two different ways, depending on the direction

of flow. For flow directed into the grid block the enthalpy is evaluated at the boundary face
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H, = H(Teo’ p(o) y Gy 2 0 (5-453)

where the functional relation is given by Equations (2-13) and (2-14). For both boundary
conditions specified with the constant-flux initial condition (Section 5.1.1) and aquifer-
influence boundary conditions (Section 5.2), inwardly-directed (e, > 0) transfers of brine are
determined from the specified initial conditions. For flow directed out of the grid block, the
enthalpy at the boundary is approximated by its value at the node:

H, = Hf(TwPf) , €y, <0 (5-45b)

At the time level n+w (see Section 6.14), which is appropriate for the numerical algorithm, the
latter equation is evaluated by the approximation

H,=HJ+wcdT, (5-46)

where w is the time weighting, ¢, is the heat capacity and 0T, is the change over the increment
At.

Substituting Equations (5-45) and (5-46) into Equation (5-44) and writing the

temperatures at time level n+w, the working equations are obtained, namely,

e, = a,, + wb,dT, (5-479)
where
- IeW/H/o + TH/oT/o B T/n » Cwe 30
" %eweHr/; + TH(oTeo B Ten v B < 0
and
i-T ey 30
b, =} _Ho 1 Swe -
H {' THéo N eVWCp » Gy < 0 (5-47¢)
5.3.3 BRINE TRANSPORT
In this case the basic equation for the mass flow through the boundary of the (-th grid
block is

e., = a, + wh,,wC, (5-483)
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where

IeW/C +TC/oECeo' é?g ) ewes 0
Ac, =

|eW/C +TC/0 C(o- C? ) ewe<0
and
b 1 Tewe Y 30
« LT .+e,C , ey, <0
5.34 RADIONUCLIDE TRANSPORT

(5-48D)

(5-48¢c)

For the case of radionuclide transport, the well-type conditions are emphasized, and

only a simple convection-type boundary condition is permitted. The appropriate relation is

€, =ew,Crpo

(5-49)

For flow directed into the system, the boundary concentration is assumed to be negligible.

For flow directed out of the system, this concentration is approximated by its value at node (.

Hence,

er( = a'r( + Wbr(d Cr(

where
 ]0 e
"~ 1ewCl, . €y, <0
and
b :}0 ’ ve 0
“ 1w ey <0
54 HEAT Loss To OVER/UNDERBURDEN

(5-50a)

(5-50b)

(5-50c)

Typically, the over/underburden regions will consist of aquitards which are effectively

isolated hydrologically from the reservoir. Nevertheless, these zones may contribute

significantly to the heat transport from a heat source such as arepository. Over and
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underburden zones are therefore included in SWIFT for Windows via boundary conditions for
the purpose of simulating only the heat transport. The technique used is similar to that for the
unsteady aquifer in that a boundary zone is considered. Here the zone is modeled by the
relation

1°T 1T

Knaoz * Ay :rRCpRﬁ

m 7 (5-51)

This is a ssimple heat-conduction equation in which all transport and storage effects within the
fluid are neglected (c.f., Equation (2-2)). In addition, transport in the lateral x and y
directionsisignored in order to limit storage requirements, and a subscript ( is added to
indicate the boundary block.

A table of initial temperatures T (z) versus depth is required as code input (T, = TD
andZ =ZT in Reeves et d. , 1986a, p. 26). Thistable provides aninitial condition and one

boundary condition:

T(zt=0)=T,(2) (5-52a)

T(z= L,t)= T,(L) (5-52b)

where L istaken to be a sufficiently large distance into the over or underburden that
temperature changes there from the ambient temperature may be neglected. The other
boundary condition is obtained by matching with the reservoir temperature, which, for one

particular boundary block, is denoted by T,:
T(z=0t)=T,(t) (5-520)

Here, for simplicity, the interface is taken to be the plane z = 0.
The set of equations, Equations (5-51) and (5-52), is solved by arather unique
application of the finite difference method. Dependent variable T is divided into two

components, namely

T=T,+wT,dT, (5-53)
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Here, temperature T, evolves, as a particular solution of Equation (5-51), strictly from a
redistribution of the temperature at the n-th time step. The initial-boundary conditions for the

step from timet, to timet,,,; are, in this case, given by
T(zt=t,)=T(zt=1,) (5-542)
and

T(z=0t)=T(z=0t=1t,) (5-54b)

Dimensionless temperature T, then evolves strictly from a change in boundary conditions

appropriate for the n-th time level:

T,(zt=1,)=0 (5-554)
and

T,(z=0t)=1 (5-55b)

As shown in Equation (5-53), the dimensionless temperature is normalized by the
time-weighting factor (see Section 5.1.4), and the temperature change over At.

The unique feature of the superposition specified by Equation (5-53) is the fact that it
permits implicit coupling between solution of the over/underburden transport, Equation
(5-51), and the solution of the reservoir transport (Equation (2-2)). Equation (5-53) may be
differentiated and combined with appropriate factors to yield the heat loss to the

over/underburden region:

Here g , isobtained f rom T, and b, is obtained from T,, and a subscript { has been added
throughout to indicate the boundary block.

5.5 RADIATION BOUNDARY CONDITIONS

A body at absolute temperature T, surrounded by a black body at temperature O, will

gain heat with aflux in accordance with Stefan's law:

e, =56(q*- T (5-57)
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where g, istheflux, S isthe Stefan-Boltzmann constant, and € is the emissivity of the

surface. If the temperature difference is not too great, then Equation (5-57) may be replaced

by the expression
e =b(q,- T,) (5-58)

where 3 is the coefficient of surface heat transfer.

It is because of the connection between Stefan's Law, Equation (5-57), and Equation
(5-58) that the latter has been called the “radiation boundary condition” (Cardaw and Jaeger,
1959). However, Equation (5-58) isidentical to Newton's Law of Cooling for forced
convection. It isalso appropriate for arelatively thin skin placed between the conducting
media being smulated and a constant-temperature surface. Mathematically, itissimply a
type-three boundary condition.

In order to implement Equation (5-58), the radiative transfer occurring at the
boundary is assumed to be balanced by conductive/dispersive transport just inside the

boundary. Thus, for a particular boundary block (.
Cre = b((cho - Tzo) =Ty (T(o - Tz) (5-59)
Solving for the boundary temperature, one obtains

T, =(0,0,0+ T,T,)/(T, +b,) (5-60)

which relates the boundary temperature to the grid-block temperature. Expanding about time

level n, one obtains further
T, =T +wdT (5-61)
where w is the weighting factor (see Section 6.1.4).

The final working equations are obtained by combining Equations (5-59) through
(5-61). Theresultis

€y, = ag, + b, dT (5-62a)
where

ag, = ¢ eoTHe B THeTenb ((TH( +b () (5-62b)
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and

bg, =- Tub, /(T +Db,) (5-62¢)

The analyst must supply the temperature 0, (program variable T2 [Reeves et al., 198643, p.
40]) and the coefficient of surface heat transfer [3 (program variable T3 [Reeveset al., 19864,

p. 40]).

5.6 FREEWATER SURFACE

In the smulation of shallow aquifer systems, it is often desirable to include the effects
of the freewater surface, aso referred to as water table conditions. This may be accomplished
by alowing finite-difference blocks to drain (dewater), resulting in reduced block-to-block
transmissibilities and release of water in accordance with the drainage capacity of the block.

In the code, pressures are evaluated at block centers. The position of the freewater
surface is determined by the pressure. The block saturation is the fractional amount of the

block below the water table. For a particular block. the position is calculated relative to

reference pressure as.
— pn B pO +05 ~
St rDz(g/g.) (5-63)

In other words, for the water table to be at the top of the block,
S,=-1 (5-649)
or
p" =po +1/2rDz(g/g,) (5-64b)
and for the water table to be at the bottom of the block
S, =0 (5-65a)
or
p" =p,- 1/2rDz(g/g,) (5-65b)

The amount of water contained by storage in a partially saturated freewater block is:
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V,, = DxDyDzq, (5-66a)
or
Viw = SwV (5-66b)
Otherwise for blocks that are fully saturated

V= Dnyqu[1+ C,(p- po)] (5-67)

The freewater option allows for dewatering in al blocks, not just the uppermost layer
(e.g., SWIP, INTERCOMP, 1976). The approach is consistent with other codes such as the
modular U.S. Geological Survey code (McDonald and Harbaugh, 1984). Details concerning

the implementation are presented in Section 6.6.
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6 NUMERICAL IMPLEMENTATION

Chapters 2 through 5 focus on the mathematical implementation of the SWIFT for
Windows code model. This chapter introduces the numerical implementation. Here, the
object isto give the analyst sufficient information that the code can be used knowledgeably,
but without the burden of the details involved in deriving the working equations. Such details

are reserved for the appendices.

6.1 TRANSIENT FLOW, HEAT, AND BRINE TRANSPORT
Equations (2-1) through (2-3) are discretized for a particular grid block m = (i, j, k) in

the following manner:

R, = d(vr)/Dt (6-13)
Ry, = d(Vr U+ Var U, ) /Dt (6-1b)
R = d(vr €)/pt (6-10)

where the notation is given in a separate section.

The accumulation of fluid, heat, and brine is represented by the right-hand sides of
Equation (6-1). For the heat equation, it should be noted that there are two such terms. One
represents an accumulation of internal energy in the fluid and the other an accumulation in the
rock. Using Equation (2-15), the term for the rock is expanded relative to the reference

temperature as follows:
The heat capacity r RCpR is expressed as the heat gained per degree temperature rise per unit

fluid volume via

Cr = Cpr(1- f)/f (6-3)
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The various transport and source-sink terms are contained in the quantities R on the
left-hand side of Equation (6-1). They are defined as follows:

Ru = D[ Tum(Dmp- raD,2/0,)]- Qu- Gy +ANVI(1-C) (649

R, =-D,(Hu,)+D,(TmD.T)- Q- G, (6-4b)
Re =-D,(Cu, )+ D, (TemDnC) - Qc - G +AcVr(1- €) (6-40)

The summation convention is used for the three spatial coordinates and is indicated by

repeated indices. Also, al source/sink and boundary conditions, except for duaporosity and

salt-dissolution terms, have been coalesced in the terms GX . In addition, since Equations

(6-1) and (6-4) are grid-block specific, some of the units are dightly different than in
Equations (2-1) to (2-3). The quantity I', for example, is given in units of mass per timein
the above equations rather than in units of mass per bulk volume per time. Similarly, Darcy

flow u now has units of mass per time rather than volume per area per time.

6.1.1 FLOW TRANSMISSIBILITIESFOR A CARTESIAN SYSTEM
The transmissibility is generally atensor of rank two. For the flow, however, T,, may

be assumed to be diagonal without any loss of generality:

Tym=0,/tm (6-5a)

Index ( (or m) denotes one of the three coordinate directions, X, y, or z. The diagonal

components are defined as follows:

2Dy .
TWxxi+1/2 jk = yJ (r g/ m). : (6-5b)
2k (px / kXDzk)i +(Dx/ kXDzk)i+1 2.Jk
and
2Dx. Dy .
el (r g/m)ij,k+112 (6-5¢0)

Tsz,ij,k+]-/2 = (DX/ kz)k + (DZ/ kZ)k+1
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Component T,,, hasaform which is completely analogousto T,, .
Wyy Wxx

Since the term transmissibility refers to an interface between grid blocks, an averageis
implied. For the SWIFT model, an agebraic average is used for both density and viscosity,
whereas a weighted harmonic average is used for the permeability. In addition, the thickness
Az, in Equation (6-5b), is permitted to vary not only as a function of the depth index k but

also asafunction of latera positioni (and j).

6.1.2 FLOW TRANSMISSIBILITIESFOR A CYLINDRICAL SYSTEM
Equations (6-5b) and (6-5c), which apply to a Cartesian coordinate system, have the

form
T,, = (Ds /D)(kr g/m) (6-6)

where (kpg/l) is the hydraulic conductivity, Ao is the cross-sectiona area, and A isthe
node-to-node distance between neighboring grid blocks.

For acylindrical (r-z) coordinate system, this same basic form is maintained. For flow
in the radial direction, Equation (6-5b) is replaced by the relation

Twirisvzk = [zpri+1/2DZk/(ri+1 - h )](kr g/ rn)i+]_/2,k (6-73)

For flow in the z direction, an equation very much like Equation (6-5c¢) is used, namely,

- _ 2p(riiy2 - ri?yz)
Wz = Dzl k,), +(Dz/ k,)

(r g/ m)i k+1/2 (6-7b)
k+1 ’

Quantities of the formr,,,,, represent the grid-block interfaces. They are taken to be

the logarithmic average
vy = (ri+1 - ri)/ln(ri+1/ ri) (6-8)

Such a choice, according to Aziz and Settari (1979), results in a consistent finite-difference

approximation which will yield the exact pressure drop at steady state.
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6.1.3 TRANSPORT TRANSMISSIBILITIES

The transport transmissibilities, in general, are not diagonal due to their dependence
upon the dispersion tensor D, c.f., Equation (2-7). The SWIFT for Windows code, however,
uses an approximate procedure which resultsin either total or partial diagonalization, as
specified by the user. Componentsin the vertical x-z and y-z planes are always lumped with

their respective diagonals, as shown in the equations below:

EXxx = EXxx + Esz + ZEXxy (6'98-)
EXzz = EXzz + Esz + EXzy (6'9b)
Exyy = Exyy * Exyz * ZExyx (6-9c)
Here
_10, MINITN? 1
Z=11  MINITN=1 (6-10)

where MINITN is an input parameter specifying the minimum number of iterations to be used
(Reeves et a., 19864, p. 75). Subscript X denotes either heat (X = H) or brine (X = C). The
x-y and y-z components are either lumped with their respective diagonal components or
included directly. Since the latter procedure uses iterations, the code requires that the
minimum number of iterations be set at a value greater than unity to include directly the cross
terms which arise from the x-y and y-x components.

In any event, the lumped diagonal transmissibility components for a Cartesian system

are determined in amanner quite similar to that of Equation (6-5), namely

Ty,=0, =xory (6-11a)

2Dy,
Dx/EXXXDzk)i + (Dx/E

Tooisvz,jk = ( (6-11b)

Xyy

Dzk)

i+1

and
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2Dx;Dy;,
Dz/E

T}ZLHk+ﬂ2 = ( (6-11c)

Xzz)k+1

and component Ty, is determined in an analogous manner to that of T,,,. Thex-y and y-x
cross terms are examined in Appendix A.
For acylindrical system, the fully diagonalized tensor is always used and the

transmissibility components are determined in an analogous manner to that of Equation (6-7).

6.1.4 TIME WEIGHTING
Equations (6-1) and (6--4) provide an algorithm for stepping from time step n to time
step n+l. It isunderstood there that the quantities R are evaluated at an intermediate level

n + w, where w is the time-weighting parameter defined as

_11/2 , centered- in- time (CIT)
W=I1 | backward- in- time (BIT) (6-12)

This parameter is used to evaluate the various variables entering into Equation (6-4) using the
prescription

Y ™ =Y "+wdY (6-13)
where { denotes a general time-dependent variable.

There are two qualifications which should be made here. First, transmissibilities are
always evaluated at time-level n. Thisisapart of the chosen agorithm for handling the
nonlinearity of the flow and transport equations. Second, the time weighting is always chosen
to bew = 1 for the flow equation. The flow equation has no convection term and, hence, no

numerical dispersion. Thus, there is no need to choose centered differencing.

6.1.5 SPACE WEIGHTING
The need for space weighting arises through the convection term. To illustrate this,

the x-component of this term is expanded for the brine equation (Equation 6-4c):
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D, (Cux) = (Cux)iﬂ/2 - (Cux)i_ v (6-14)
where several subscripts and superscripts have been suppressed for the sake of clarity. The

point is this: The evaluation of Cis required at the gridblock interfaces. Since this quantity is

calculated only at the grid-block centers, interpolation is clearly caled for. Thisis done by

means of a user-supplied space weighting parameter
_11/2 , centered - in- space (CIS)
9711 | packward- in- space (BIS) (6-15)

Theinterpolateis
Y. o= WY +(1- W)Y, | (6-16)
where

__ (1-9)oxi.,
g@Dx; +(1- G)Dx; 4

(6-17)

Parameter § is determined both by the value of y and by the direction of the Darcy velocity:

_19 Uy >0
J 11- 9, Uy, <0 (6-18)

Thus, for backward-in-space differencing,

1Y, U,y >0
Yiiuz Ly u L 2<0 (BIS) (6-19)

Furthermore, for centered-in-space differencing with equal increments

Yive =(Yi1+Y;)/2, Dx.,=Dx; (CI9 (6-20)
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6.1.6 SOLUTION TECHNIQUES

Appendix A presents the detailed numerical development of the working equations
which are implemented in the SWIFT for Windows code. An overview is given here.
Basically, there are three coupled finite-difference equations given in Equations (6-1) and
(6-4). Thelinear coupling present in the accumulation and source/sink terms is treated via the
technique of forma Gaussian elimination. All remaining nonlinear coupling is treated via the
technique of iteration. Thereis one exception, however, with regard to the transmissibility.
This quantity is lagged by one time step to eliminate instabilities which might arise from its
nonlinearity. After expanding the various difference operators appearing in Equations (6-1)
and (6-4) and using the time- and space-weighting procedures discussed above, a set of three
coupled matrix equations is obtained. Starting with the flow equation and proceeding to the
heat and brine, these three equations are solved sequentially within an interactive loop until
convergence is attained. Either direct or two-line successive over-relaxation methods are

implemented within the code.

6.1.7 CONVERGENCE

Nonlinearity arises in the SWIFT for Windows code through four terms, namely, the
density, the pore volume (porosity), the viscosity, and the cross terms deriving from the
nondiagonal transport transmissibilities. The dependence on viscosity is treated by lagging by
one time step the evaluation of the transmissibilities. Furthermore, of the remaining terms, the
density is assumed to be the most sensitive indication of changes in the dependent variables.
Therefore, the density is used for the development of the convergence criteria.

For agiven iteration it+1, the relative changes in density due to temperature and

concentration changes since iteration, it, are given by

eT = rT]axm[CT (-I-ri’rt1+1 - Tri’rt1)’eerm] (6-21&)
and
- ~it+l At !
€c = max, CC(Cm - Cm)’erCm] (6-21b)
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Here, ¢ is the maximum deviation within the rock matrix (see Equation (6-39) below and

subscript m ranges over al grid blocks).

These relative changes in density are used in following manner:

1. If the total change isless than the prescribed maximum, i.e.,
ertecft, (6-22)
then the solution is said to have converged. Thetoleranceis set at t, = 0.001.
2. However, if Condition (6-22) is not satisfied, then the following two tests are
made:
e;£t, /2 (6-23)
and
erEt /2 (6-24)
3. If neither Condition (6-23) nor Condition (6-24) is satisfied, then all three

eguations for pressure. temperature, and brine concentration are solved again
and asimilar set of convergence criteriais applied.

4, If Condition (6-23) is satisfied, then only the brine and pressure equations are
solved on the following iterate.

5. If Condition (6-24) is satisfied, then only the temperature and pressure
equations are solved on the following iterate.
The convergence criteria above are speciaized in a straightforward manner if fewer
than three principa equations are solved. However, it should be noted that the above criteria
do not apply to the case of pressure solution only. There, the only iteration control is the

specification of the minimum and the maximum number of iterations.

6.2 RADIONUCLIDE TRANSPORT
The finite-difference equation for grid block m = (i, j, k) corresponding to Equation
(2-4)is

R, = d(Vr C, + Vg sW, )/ Dt (6-253)

where
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Rr =" Dﬁ(Crué) + Dé(TC€mDmCr)' ér - G}
0 (6-25b)
+A K o(VrCo+ Var gW,)- | (Vr C, + Vgr gW,)

For simplicity, all source-sink terms, other than the fracture-matrix interaction I, are
coalesced into the single term Q,. Equation (6-25a) shows an accumulation of radionuclide r
in both liquid (C,) and solid phases (W,). These two phases are connected by the Freundlich
isotherm of Equation (2-8), namely

W, =k, (rc,)" (6-26)

6.2.1 SOLUTION TECHNIQUES

Appendix B presents a detailed development in which the time and space-weighting
procedures are used and the difference operators are expanded to obtain the working
equation. This equation may be solved either in tandem with the solution of the primary
equations for pressure, temperature and brine for afully transient calculation, or they may be
solved in a stand-alone fashion following steady-state solution of the primary equations. In
either case, many of the parameters, such as transport transmissibilities T, Darcy velocity u,
pore volume V, and density p, are predetermined from the primary-equation solution and
serve as purely linear parameters for the radionuclide-transport solution. This means that the
only nonlinearity present in this case arises through the Freundlich isotherm, for which an
iteration loop is applied. Here, the isotherm is linearized by a Taylor-series expansion about

C, =0, and the expansion coefficient is updated on each pass through the loop.

6.2.2 CONVERGENCE
For agiven iteration it+1, the change in radionuclide concentration relative to
iteration, it, is defined as

e, =max|(Cli* - Cly) /iy (6-27)
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where misthe grid-block index. Convergence is achieved whenever

e £1, (6-28)

where the tolerance is T, = 0.001. The maximum number of iterationsis set at 15.

6.3 STEADY-STATE FLOW AND BRINE TRANSPORT
Equations (2-17) and (2-18) are discretized for a particular grid block m = (i, j, k) in

the following manner:

D,[T,,(D:p- 1gD,2/g,)]- Qu +AVr(1- €)=0 (6-29a)

and

- D((éu() + D((TWD(é) - Qg +ALVr (1- C) =0 (6-29b)

All source/sink and boundary conditions, except for salt dissolution terms, have been
coalesced in the terms Q,.. Salt-dissolution terms appear in both flow and brine equations.
The coefficients given therein arise from Equations (3-3) and (3-4). They are:
and

Ay =Accc ! (1+c;) (6-30b)

where ¢ is determined from the input-density range by Equation (2-16).

6.3.1 SOLUTION TECHNIQUE

Appendix C presents a detailed development of the working equations which are
employed in the SWIFT for Windows code. Here, however, it is sufficient just to note the
genera solution procedure. Equations (6-29) constitute a set of coupled nonlinear
finite-difference equations. Starting with the flow and then proceeding to the brine transport,
these equations are solved sequentially within an iteration loop. Densities and pore volumes
are updated within each iteration, asin the transient solution of the primary equations.
However, in contrast to the transient solutions, the transmissibilities are also updated as a

function of the iteration index.
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6.3.2 CONVERGENCE
For agiven iteration it+1, the changes in pressure and brine concentration relative to

iteration it, are defined as

ey = mgX[(p‘rL” - ph)/ p‘r%”] (6-31a)
e. = mn?x[(é‘r;” - CA:';]) / (A:‘r;”] (6-31b)

where misthe grid-block index. Convergence is achieved whenever
eyEt, and e £t (6-31c)

where the tolerance is the same as that used for the transient solutions, i.e., T, = 0.001.

There are both lower and upper limits set for the number of iterations. These limits
default to one and five, respectively, but may be controlled by the analyst (variables MINITN
and MAXITN [Reeves et a., 19863, input p. 75]).

6.4 FLow, HEAT AND BRINE TRANSPORT WITHIN THE ROCK MATRIX
The gridding within the rock matrix is discussed in Chapter 7. Sufficeit to say here,
however, that the matrix within each global grid block is partitioned into either prismatic or
spherical units. A representative of such unit is then gridded for numerical solution of the
flow and transport equations. Thisgrid is called the local grid as opposed to that for the
fracture flow and transport. The latter is called the global grid.
For the local grid, the primary equations, Equations (2-19) - (2-21) may be discretized

for grid block i in the following manner:

Ry =d(V'r')/Dt (6-32a)
Ry =d(V'r'U+V'gr gU'R)/ Dt (6-32b)
R.= d(V'r C)/ Dt (6-320)

where the notation is given in a separate section. The right-hand sides of Equations (6-32
aC) contain the accumulation and the quantities R on the left-hand sides contain the transport

terms. They are defined as follows:
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R, =D(T',, Dp) + G\, (6-333)

Ry =-D(H'u)+D(T", DT") + H'G\, +G (6-33b)
Rc=-D(Cu)+D(T.DC)+CGy, +G, (6-330)
6.4.1 TRANSMISSIBILITIES

Because of the one-dimensional treatment of the rock matrix and because of the
constant properties of the matrix within a global grid block, the transmissibilities here may be
defined in a somewhat simpler fashion than in Sections 6.1.1 and 6.1.3. They are:

i 4ps’ 1/2D§-1)h'A , Sphere 6-34
xi — ' . ( )

$(1/Ds.,)h", , prism
Here, s, denotes the lower boundary of matrix gridblock i and As, denotes the distance
from nodei -1 to nodei. The representative prism is taken to have unit cross section as
evidenced by the numerator of Equation (6-34b).

The transport parameter g, is given by
1-gr'k'/m , X=W

hy=i{r'e, ,X=H (6-35)
fr'E. , X=C

where X denotes the transport process.

6.4.2 FRACTURE/MATRIX SOURCE TERMS
The sourceterms 1™ given in Equations (6-33) represent the flow and transport from
fracture to one spherical or prismatic unit of the rock matrix. They are related to the fracture

loss terms I" for the global system by the number (M) of such units within the global grid

block, i.e,.
Gy =M,G\, (6-362)
G, =M, (HG+G}) (6-36b)
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G =M,(€G,,+G¢) (6-360)

where the fracture sink terms I" are referenced to the global grid block m and the matrix
guantities are referenced to n,, the index of the boundary grid block of the matrix.

The quantitiesI" and I are, of course, unknown a Priori. However, they may be
determined by a careful coordination of the local rock-matrix solutions and the global solution
for the fractures. In particular, a forward-elimination procedure is used on the pressure
eguation, i.e., Equations (6-32a) and (6-33a), to yield

Gy =Gy, tW,,dp (6-373)
A similar procedure is applied to the heat and brine equations, i.e., Equations (6-32b,c) and
(6-33b,c), to yield

G, =G, twW,dT (6-37b)

and

Go= G tWW,, dC (6-37¢)

Theterms g, and ., arefunctions of time but may be considered as constants for a

single time-step At. Dependent variables dp, 6T, and OC pertain to the interface grid block
n,. However, since the node for this grid block is positioned on the boundary between
fracture and matrix, these variables are also the global variables as has been anticipated by
suppressing the prime notation for the state variables. Equations (6-36) and (6-37) may

therefore be combined to yield sink terms of the form

Gy = Gy, + Wy, dp (6-38a)
G, = G, +WW,dT (6-38b)
Ge = G, +WWdC (6-380)

These conditions may be applied directly to the global equations, and solutions to the
global equations may then be determined. Consequently, terms I, may then be determined.
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Source terms I, may then be evaluated, and back substitution may be applied to the
equations for the rock matrix to yield the incremental changes dp’, 0T’, and &C'.

6.4.3 SOLUTION TECHNIQUES

In addition to the procedure for determination of the fracture/matrix coupling, the
same nonlinearity and interdependence of the variables is present here asit is for the global
equations. Furthermore. the method of analysisis the same here as for the global solution,
Section 6.1.6. An iteration loop is used for the nonlinearity within both the transport and
source terms. Again, the nonlinearity and coupling is removed from the transmissibility by
evaluating this quantity at time-step n. A detailed explanation of the solution technique is
given in Appendix D.

6.4.4 CONVERGENCE
The iteration loop here is the same as that used for the global solution. Consequently,
the same density-based criteria are applied. Thus, for agiven iteration it+1, the relative

changes in density due to temperature and concentration changes with respect to iteration it

are given by

e, = miax{cT (T,)"*- (T'i)it‘} (6-39%)
and

. ‘l A ., it+1 . itUU

eC—miax%cCgCi) - (c) H% (6-390)

These relative changes €' are, of course, specific to a particular global grid-block m and are
coal esced with the relative changes for the global grid block as shown in Equations (6-21).
The specified criteriafor convergence are then applied to the coalesced changes, as discussed
in Section 6.1.7.
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6.5 RADIONUCLIDE TRANSPORT WITHIN THE ROCK M ATRIX

The finite-difference equation for matrix grid-block i, corresponding to Equation
(2-22) is

R, =K' d(V'r'C,)/Dt (6-40a)

r

where
R, =-D(C, u)+D(T'cDC,)+q k. K V'T'C,

(6-40b)
-1 K, V'r'C,+C, G\, +G,

(The notation is given in a separate section.)

In contrast to the global equations, where a genera Freundlich isotherm is permitted, a
linear isotherm is assumed here, which results in the constant retardation K’ defined in
Equation (2-27). The implication of thisfact is that no iterations are required in the solution
algorithm. The fracture/matrix source terms, included in Equation (6-40b), may be evaluated
by a careful coordination of the solution procedure for the local and global calculations, as
discussed in Section 6.4.2.

For achain of radionuclides, Equations (6-40) are solved sequentially, once for each
nuclide of the chain. If the nuclides have been numbered properly within the input, then the
calculations will proceed from parent to daughter, and the production term for the daughter,
the third term on the right-hand side of Equation (6-40b), may be calculated from the most
current parent concentrations. The details of the analysis of Equations (6-40) are discussed in

Appendix E.

6.6 FREEWATER SURFACE
The freewater surface option, as described in Section 5.6, impacts the accumulation
and transmissibilities of the pressure equation. In this section the implementation of transient

and steady-state flow solutions is presented.
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Equations (5-63) and (5-66) are used to modify the expansion of the accumulation

terms in Equation (A-144) as follows

d(sr v)=sd(rv)+rvds (6-41)
= S(V”dp +r n+1dV) +rVdsS (6-42)

Here the first term is the same as Equation (A-14a), as multiplied by the block saturation.
This represents compressible fluid accumulation or confined aquifer storage. The second term
isthe release of water from drainage or an unconfined yield. The latter term dominatesin
typica application, thus allowing transient, as well as steady-state, phreatic conditions.

To account for the reduced cross-sectional area available for flow in apartialy
saturated block, the fluid transmissibilities as defined in Section 6.1 are modified as follows:

T = TS (6-434)
Toy = TwyyS (6-43b)
Twz = Twz, (6-43¢)

where the saturation is allowed to vary between 0.001 and 1.0. Only the horizontal
components are modified to reflect the reduced area available for flow. A minimum saturation
is maintained such that blocks that fully desaturate may be resaturated in subsequent time
steps.

Within the model special consideration has been given to the accumulation termsin
Equation (6-42). Following a series of numerical investigations, the authors have found it
necessary to separate the implicit and explicit components. Depending upon whether the
freewater surface is above, within, or below a grid block before and after atime step (before
or after an iteration for steady-state), special handling of the termsisrequired. Thelogicis
detailed in subroutine SCOEF.
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7 NUMERICAL CONSIDERATIONS

Two mgjor topics are considered in this section, namely geometrical gridding
procedures and numerical criteria. Both three-dimensional Cartesian and axially symmetric
cylindrical coordinates are used in SWIFT for Windows. Discretization in a Cartesian
geometry is done through direct input of the increments. Since thisis avery straightforward
process, little explanation is needed for the basic gridding procedure. However, the code does
permit some important mesh modifications. These are discussed in this chapter. Ina
cylindrical geometry, the radial mesh may be generated automatically, a procedure which is
also presented here. In either of the above cases, the geometry is called a global geometry in
order to distinguish it from yet another type of discretization. Certain grid blocks may be
designed as doubly porous. For such blocks alocal mesh is automatically generated. The
method used is given in the final section on geometry.

The subject of numerical criteriaisrelated to that of geometrical discretization.
Convective transport, which is simulated by the code, introduces limitations on the space
steps. It also introduces limitations upon the time steps. Thisis discussed in a section below.
For radionuclide transport the time steps are also controlled by the half-lives of the various
constituents. Single-species decay is treated in one section, and radionuclide chains are
treated in another.

7.1 GEOMETRY
711 DISCRETIZATION OF THE GLOBAL SYSTEM IN CARTESIAN COORDINATES
Figure 5-1 depicts both definitions used and options available for characterization of
the global systems. In thisfigure one will note the reference plane. The existence of this
plane is assumed implicitly by the data setup. Initially the center of the (1, 1, 1) grid block is
coincident with this plane, and it remains so unless atered by a nonzero trandation h, (input
parameter DEPTH [Reeveset al., 1986a, p. 31]). Angles 0, and 6, (SINX and SINY in the
input [Reeves et d., 19864, p. 31]) then position the remainder of the system with respect to

grid-block (1, 1, 1). The sign convention here is that these angles are positive if they open in
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the direction of positive z (downward). |f additional adjustment of elevation is desired, then
parameter Ah (positive downward) may be used (input parameter HADD [Reeveset al.,
19863, p. 35]) on a grid-block-by-gridblock basis.

With the usual sign convention, the datum is positioned with respect to the reference
plane by hy (HDATUM [Reeves et al., 19864, p. 28]). Quantity h, (HINIT [Reeveset al.,
19863, p. 28]) is aso located relative to the reference plane. It and p, (PINIT (Reeveset al.,
19864, p. 28]) are used to define the initial pressure distribution, as discussed in Section 5.1.1.

Not shown in Figure 5-1 are two other geometrical options, namely a grid-block
thickness adjustment and a grid-block pore-volume adjustment. The significance of both of
these is shown in Figure 7-1. Lehman and Quinn (1982) used this gridding in their
model-comparison studies for the Pasco Basin. Asindicated there, extensive modifications
areincluded viathe Ah parameters in order to fit the surface topography. Furthermore, the
grid-block regionsindicated as “not used” are removed from the simulation by setting pore
volumesto zero. Internally, what this means to the code is that the matrix solver eliminates
the corresponding coefficient matrix elements both from the matrix storage and from the

matrix solutions in order to reduce computer resource requirements.

7.1.2 DISCRETIZATION OF THE GLOBAL SYSTEM IN CYLINDRICAL COORDINATES
For a Cartesian (X, y, z) coordinate system, the SWIFT for Windows code requires the
user to generate his own mesh by specifying all values of the increments Ax, A, and Az. For
radial (r, z) coordinates, however, the mesh may be either user-generated or automatically
generated. Automatic generation is based on a specia steady-state solution of the flow

equation, which gives, for the pressure difference between two points,
p*- p*»1In(r, /1)) (7-1)

This same relation is the basis for the well index given in Equation (4-3) of Chapter 4.
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Figure7.1. A Gridding of the Pasco Basin in Southeastern Washington.
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Four parameters are used in the automatic generation, namely (1) the number of grid
blocks n (input variable NX [Reeves et al., 1986a, p. 10]), theradiusr, (R1V) (Reeveset dl.,
19864, p. 33) to the center of the first grid block, which is interpreted as the outer radius of

the disturbed skin zone, (3) the wellbore radius f, (RWW), and (4) the grid boundary T,

n+l
(REV) (Reeves et al., 19863, p. 331).

The radial mesh, which is shown schematically in Figure 7-2, is generated by assuming
equal pressure drops between adjacent mesh points for the steady-state solution of Equation
(7-1). Using the notation of Figure 7-2, this means that

M1 _
=A (7-2)

and

L =AY (7-3)

A combination of Equations (7-2) and (7-3) gives

A

r .
n+1 :An 1/2 (7_4)
r

Equation (7-4) is solved by SWIFT for Windows for the common ratio A, and then Equations

(7-2) and (7-3) are used as recursion relations to define all r, and T .

Frequently the analyst will not know the outer skin radius, r;, which must be input to
the code. In such an event, it is suggested that Equation (7-4) be extended by taking

r
—= AY? (7-5)
r1

and
f‘n+1 — n
- = A (7-6)

I
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Figure7.2.  Schematic of Radia Mesh Including Grid-Block Centers, r;, and Grid-Block

Boundaries, T; .
| | l I i 1 ]
1 ® I g 1 g aﬂ/V‘ 1 * t
r r -~ r ~ "~ r ~
't 1 ?E 2 T 3 Fa Fn n Fnet

LOG (RADIUS)

D:\SWIFT\Theory_Fig.wpd 89
February 21, 2000




Equation (7-6) may be solved for A. This parameter may then be used in Equation (7-5) to

calculate the skin radiusr, from the wellbore radius f,. In such a case, where the skin

thickness is chosen somewhat arbitrarily, the properties of the skin are reflected solely by the

well index.

7.1.3 DISCRETIZATION OF THE LOCAL SYSTEM

The basic concept of a matrix substructure was presented in Chapter 2, with the
discussion focused on Figure 2-1. Herethat discussion is continued. Basically, there are two
levels of discretization for the rock matrix. For the first level, the matrix is divided into either
prisms or spheres (see Figure 7-3), as specified by the analyst. Prisms would be appropriate
for the parallel non-intersecting fractures typified in Figure 2-1a, and spheres would be an
appropriate approximation for the intersecting sets of fractures typified in Figure 2-1b. The
prisms are arbitrarily given a cross-sectional area of unity and a depth a (input parameter SAD
[Reeveset al., 19863, p. 46]), whereas the spheres are taken to have radiusa. All local units,
whether prismatic or spherical, are assumed to be homogeneous with each such unit within a
given global block having the same hydrological, thermal and geochemical parameters. Such
parameters may vary, however, from one global block to another, depending upon the
specified matrix rock type (input parameter IRT [Reeveset d., 19863, p. 57]).

The second level of discretization is the gridding of arepresentative loca unit. Since
all units within a given global block are exposed to the same boundary conditions and initial
conditions, it is only necessary to simulate one representative unit and then to scale the flux I
at the fracture/matrix interface by the number of matrix unitsin the global block. In addition,
no unit-to-unit transport is permitted so that each representative prism or sphereis
characterized by one-dimensional flow and transport.

Figure 7-4 shows a typical one-dimensional gridding for a representative matrix unit.
As shown, nodes are positioned at each boundary in order to facilitate the application of

boundary conditions. The remainder of the node and block boundaries are positioned

automatically by the code, subject to the three parameters. a (input parameter SAD), Ds, 1>
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Figure7.3.  Typical Matrix Structural Units Imbedded Within a Primary Grid Block for a
Dual-Porosity Implementation.
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Discretization of the Local (Matrix) System.

Figure 7.4.
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(DSD [Reeveset al., 19864, p. 46]) and n (NSD [Reeveset d., 19864, p. 15]). Eachis

specified as afunction of matrix rock type. The procedure used by the code employs a

grading factor A:
Ds.y, =ADs,y, (7-78)
By summing al increments, a geometric seriesis formed, and an equation for A is obtained:
Ds, ., @- A'8=41- A) (7-7b)

This equation is solved for A using nonlinear techniques. Equation (7-7a) then is used to
generate all of the nodal positions starting from the known value of As at the fracture/matrix
interface.

Asdiscussed in Aziz and Settari (1979), the positioning of grid-block interfacesis
crucia to the definition of a consistent mesh. (A consistent mesh is one for which the
numerical solution, with sufficiently fine discretization, will converge to the analytic solution,

if the latter exists.) Following these authors (pp. 75-79, 88), we define

Sewo = (S +5.)/2 (prism) (7-83)
:1 33+1)ﬂ2 il here 7-8b
Si+v2 %ES +§+1)/2 =1 (sp ) (7-8b)

For the sphere the definition of s,,, of necessity, departs from a consistent definition.
However, this introduces only aloca inconsistency in what is physically arelatively
unimportant region of the mesh.

In addition to a dual-porosity mode, the SWIFT for Windows code may also be
applied in a discrete-fracture mode. For the latter case, the individual fractures are gridded
separately by the global mesh astypified by Figure 7-5. The rock matrix, as shown in that
figure, is characterized by the same structure as for the dual-porosity mode. The only
difference is that the rock matrix is conceptualized as being external to the global grid block.
The analyst may choose to mix discrete fractures and dual porosity in the same simulation in

order to characterize the dominant fractures.
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Figure7.5.  Matrix of Structural Units Adjacent to Primary Grid Blocks for a Discrete-
Fracture Implementation.
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7.2 NUMERICAL CRITERIA
721 NUMERICAL CRITERIA FOR DISPERSION AND OVERSHOOT

One source of difficulty in the numerical solution of transport equations, such as
Equations (2-2) through (2-4), is the treatment of the convection term. For conventional
finite-difference and finite-element solvers, either numerical dispersion or the overshoot
-undershoot phenomena may be introduced. Other methods, or variations of the above-
mentioned techniques, have been introduced to help aleviate this problem. Examples are the
method of characteristics (Garder et al., 1964; Bredehoeft and Pinder, 1973), higher-order
Galerkin (Price et al., 1968; Pinder, 1973), and various upstream-weighting and asymmetric
weighting strategies (Nolen and Berry, 1972; Christie et d., 1976). The Distributed-Velocity
Method (Campbell et a., 1981) holds some promisein this area a so.

The SWIFT for Windows code gives the user several options. For example, he may
elect to use second-order correct central-difference approximations in both time and space.
These techniques have the advantage that no numerical dispersion isintroduced. The
disadvantage they introduce are limitations on both block size and time step. These
limitations are necessary to prevent calculated concentrations from exceeding the injection or
solubility levels or from being less than the initial values, i.e., overshoot-undershoot. The user
also may choose to use first-order correct backward-difference approximations in both time
and space. These techniques have no overshoot-undershoot, but they introduce numerical
dispersion. Thus, limitations on block size and time step are again called for. The
radionuclide, brine and heat-transport equations, Equations (2-2) - (2-4), which contain
convective terms, are largely responsible for the importance of numerical dispersion. The
flow equation, since it does not contain a convective, i.e., afirst-order derivative term, has a
truncation error which is much less significant. The time-step and block-size restrictions are
not overly severe for many problems. In such cases, the analyst may elect to use the
backward-difference schemes due to their inherent stability against overshoot.

A tableis presented below (Table 7.1) which contains information on numerical
dispersion and overshoot. It isbased on a simple analogue of Equations (2-2) through (2-4),

namely
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where the dependent variable { may denote either temperature T, brine concentration C , or

radionuclide concentration C. Quantitiesv and D' denote the retarded interstitial velocity and

dispersion. respectively.

Table7.1. Numerical criteriafor brine, heat, and radionuclide transport.
Scheme Numerical Dispersion Dispersion Criterion Overshoot Criteria
CIT-CIS None None VAYAx+2DAUAX? < 2
vAx/2 < D
CIT-BIS vAX/2 vAX/2 << D VAYAx+2DAUAX? < 2
BIT-CIS vZALY2 VvZAt2 << D vAx/2 < D
BIT-BIS vAX [2+vZAt/2 vAX/2+v?At/2 << D None

Here CIT means centered-in-time, CIS means central-in-space, BIT refersto
backward-in-time and BIS refers to backward-in-space.

Definition of terms;

12+ (1- f)r gk /1
K'M 3

, brinetransport

, radionuclideor brinetransport

1- f)rgCr/frc, , heattransport
V=u/fK
5 _if{a u+ D)/ Kf , radionuclideor brinetransport
Hapure, +Km)/Kfrcp , heat transport

In spite of the simplicity of Equation (7-9), space and time-step criteria derived from it
have proven to be quite useful in practice. Such criteriaare givenin Table 7.1. Additiona
discussion of these relationsis given in Lantz (1971) and INTERCOMP (1976).
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722 ADJUSTMENT TO THE RATE CONSTANT

The SWIFT for Windows code will adjust the decay constant as specified by the
analyst (input parameter LADJ[Reeveset d., 19864, p. 14]). The basis for this adjustment is
another analogue equation. If one considers the static case, in which transport is negligible
compared to decay, then the radionuclide decay equation, Equation (2-4) becomes, for the

parent nuclide,

dC
had=g ', 7-10
o (7-10)
(The component subscript has been dropped for convenience.)

The analytic solution of Equation (7-10) across an interval At is

cl=Ccne '™ (7-11a)
which yields
dc=- c”(q - ') (7-11b)

If Equation (7-10) is solved numerically, the result is

dC= - | '(w)(Cn + wdC)Dt (7-12a)
where
i1/2 , CIT
Wl1 o BIT (7-120)

for centered-in-time (CIT) and backward-in-time (BIT) differencing.

To see that quantity A’(w), the adjusted rate constant, is indeed a function of the
time-weighting constant w, we solve Equation (7-12a) for 6C and substitute into Equation
(7-11b). Theresultis

. ~ g0t q
i (W) - Dt[(l- w)e' Dt +W] (7-13)

where the component subscript has been reintroduced. For the BIT algorithm w = 1 Equation
(7-12) reduces to Equation (5-3) of the original SWIFT document (Dillon et al., 1978). As
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described quantitatively therein, rate adjustment is appropriate for near-static cases, where
decay dominates transport, for the case of a parent nuclide. Furthermore, rate adjustment via
Equation (7-13) is appropriate for decay-dominant transport of a daughter nuclidei-1,
providing that

t,,/t,>100 (7-14)
Without adjustment the time step must be controlled by the criterion

it /7, BIT
Dt<f,i' "> 7-15
e aT (7-15)

where T, isthe half life of the component. With adjustment, this criterion is removed in many

cases.

7.2.3 NUMERICAL CRITERIA FOR SECULAR EQUILIBRIUM

In considering the transport of chains of radionuclides, cases involving secular
equilibrium are encountered. For such situations the numerical criteria of Sections 7.2.1 and
7.2.2 frequently may be relaxed. However, before examining the criteria, it is appropriate to
give adefinition for secular equilibrium.

Considering, for smplicity, the case of parent and daughter nuclei, the former follows

asmple exponential decay law
N, = N, e" (7-16)
for the case of static flow. Here, for convenience, the concentration notation C has been

changed to number-of-nuclel notation N, with subscripts added to denote nuclide identity and

initial values. For the daughter component

dN, _
a1 aNa TN, (7-17a)
which yields the solution
N, =1 Ny(e' - e #) /(1 ,- 1) (7-17h)
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If the half life of the parent is much greater than that of the daughter, i.e., if

t,>>1t.,, (7-18a)
or, for the decay constants,

| <<l (7-18b)

then secular equilibrium occurs. This means, for the case of parent and daughter, that
N, =1 ,N, (7-19)

arelation easily derived from Equations (7-16) and (7-17b).

Figure 7-6 provides an example of secular equilibrium for the decay chain

140 b > 140 L > 140,
P2 128d "% 40.2hr ce

Since the half life of 140, is approximately seven times greater than that of 140, , the
condition for secular equilibrium is considered to be satisfied, and secular equilibrium occurs,
in this case, after only 15 hours have elapsed from the initial, nonequilibrium condition.

For along chain, where all elements of the chain (except for the final stable daughter
product) are in secular equilibrium, each radionuclide builds up to equilibrium with its parent.

When this occurs, a generalized form of Equation (7-19) isvalid, namely
| N, =1 ,N, =1 ,Ny= ... (7-20)

This means simply that under conditions of secular equilibrium, the activities of all
components are equal.

A more complete discussion of various types of equilibriais given in Evans (1955).
However, the point to be made here is that secular equilibrium under nonstatic conditionsis
significant insofar as the numerical criteria are concerned, for the following reason. It has
been found by experimental numerical methods that the criteria for the daughter components

may frequently be ignored in such acase. For example, in the case of the actinide chain
242 Pu® 238 U® 234 U® 232-|-h® 236 Ra

time steps would have to be controlled via the relatively short 1600y half life of “°Ra were it
not for its secular equilibrium with 28U. This means that only the time step of the latter, as

determined from Table 7.1, need be enforced. Since the criteriafor chainsin secular
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Figure7.6.  Decay of Radioactive *°Ba. After approximately 15 hours the *°Ba and *°La
will be in secular equilibrium.
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equilibrium have not been derived theoretically, one must proceed with some caution,
however, making appropriate numerical checks. Nevertheless, the relaxation of numerical
criteriaresulting from secular equilibrium is a necessary consideration for applications in

which computer efficiency is important.
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8 COMPUTERIMPLEMENTATION

The SWIFT for Windows code has been developed to implement the formalism
described in the previous chapters. This chapter first presents the program structure, in which
the functions of the various subprograms are dealt with in a very general fashion. It then
focuses upon the two agorithms used in the matrix-solution routines, since the
matrix-solution algorithms, of course, are of crucial importance to the efficiency of

three-dimensional simulations.

8.1 PROGRAM STRUCTURE

The SWIFT for Windows code consists of a main routine, three integration
subroutines, and about 70 supporting subroutines. In this chapter five items are presented.
First, the structure of routine MAIN is shown in Figure 8-1. Asmay be inferred from this
figure, the basic organization of MAIN is focused upon the three global integration
subroutines ITER, ITERS and ITERC. The other subroutines perform the functions of input,
initialization, parameter definition, and output in support of either ITER or ITERS, which
integrate the flow, heat, and brine equations, or ITERC, which integrates the radionuclide
eguations.

The second, third, and fourth items presented show the structure of the three global
integration subroutines. Routine ITER is shown diagrammatically in Figure 8-2; ITERS in
Figure 8-3; and ITERC in Figure 8-4. As shown, these routines are quite smilar. In each
case the various finite-difference terms are assembled into matrix equations, which are
subsequently solved for the appropriate dependent variable. The matrix solutions in each case
may be performed in one of three different routines, depending upon user preference. The
user options are two-line successive overrelaxation (L2SOR) and Gaussian elimination
(GAUS3D) or GAUSID) with the latter agorithm specialized within a specia subroutine for
one-dimensional applications.

The mgjor difference between the three integrators is the complexity of the setup

process, with ITER, the coupled-equation transient simulator, understandably the most
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Figure8.1.  Structure of the SWIFT for Windows Code.
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Conditions for Figure 8.1 are as follows:

1. Are plots desired for a previous run?

2. Isthisarestart run?

3. Is dual porosity to be included?

4, I's reduced bandwidth direct method of solution used? (multi-dimensional problems
only)

5. Is run to be terminated at this time step?

6. Arethe recurrent dataread at this time step?

7. |s the waste-leach submodel employed?

8. | s the steady-state pressure solution sought?

9. Are steady-state wellbore calculations to be solved?

10. Is the transient pressure solution sought?

11.  Arethetransient wellbore calculations to be solved?

12.  Aretheradionuclide transport calculations to be solved?

13. In the transient wellbore calculations are the well rates calculated semi-implicitly?
14.  Areany two-dimensional contour maps desired?

15.  Areany plotsdesired for this run?
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Figure8.2.  Solution of the Transient Flow and Transport Equationsin ITER.
(_EwtAY )
rl‘l_ln___ ____________ _"I I GOEFF 1
| I
| H coerFrz
| o ]
f H COEFF3 I
' No o ves |
: P : DGOEF
! L™ wrene
L Ty
| |
: T{ SCUEF I
| | % I
I | SAHA
| NO vEs |
¥ _mss
: 0 M ¥ |
[ YES D@ o + DITR
I L i SCOEF |
I : | saus
NO
: 7 no @YEE I !—I psc
| YES |
I H scoer
: o]
|
: "’;\TES E GaLSID
I e |
YES , :
I sND 5 GAUSID
: i L250R
: opm | [}
| I
| NO .: I
| ?> I
0 il e i




Conditions for Figure 8-2 are as follows:

Is dual porosity to be considered?

Are the cross-derivative dispersion terms to be included implicitly?
|s the temperature equation to be solved?

Is the brine equation to be solved?

|s the problem one-dimensional ?

Isadirect solution desired?

N o g A~ w DN PR

Has convergence been achieved?

D:\SWIFT\Theory_Fig.wpd
February 21, 2000 106



Figure8.3.  Solution of the Steady-State Flow and Brine Equationsin ITERS.
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Conditions for Figure 8-3 are as follows:

|'s the problem one-dimensional ?
Is adirect solution desired?
Are Darcy velocities desired?

Are dispersions and transmissibilities desired?

o A~ w DN

Has convergence been achieved?
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Figure8.4.  Solution of the Radionuclide Equationsin ITERC.
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Conditions of Figure 8-4 are asfollows:

1. Is dual porosity to be considered?

2. Is the ssimplified solution to be obtained assuming a constant density with no
convection or dispersion?

3. Has the time step changed in magnitude?

4. Isthisthe first iteration?

5. |s the problem one dimensional ?

6. Isadirect solution desired?

7. Isanonlinear Freundlich isotherm to be used?
8. Has convergence been achieved?

9. Is there another radionuclide in the chain?
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complex, and with ITERC, the transient radionuclide smulator, the least complex.
Comparing ITER (Figure 8-2) with ITERS (Figure 8-3), the mgor difference is SCOEF.

This routine sets up time-dependent coefficients in the former which are, of course,
absent from the latter, since ITERS is a steady-state integrator. 1n addition, the COEFF
routines are called a second time in ITERS in order to calculate converged values of Darcy
velocities and selected flow variables and to print them out, if so desired. Comparing ITERS
and ITERC, the mgor difference is the absence of the COEFF subroutinesin ITERC. Thisis
due to the fact that flow and transport transmissibilities need not be determined in ITERC,
having been previoudly determined in ITERS or in ITER. Furthermore, mass balances are
computed directly in ITERC, whereasin ITERS, asin ITER, such computations are deferred
to PRINT2.

The treatment of a dual-porosity medium provides another means for contrasting the
three integration routines. (The supporting routines for dual porosity may be recognized in
each case by the beginning letter “D”.) Asshown in Figure 8-3, ITERS contains no facility
for dual porosity, since it isrecognized that the effects of dual porosity are negligible at steady
state. Also, in comparing ITER and ITERC (Figures 8-2 and 8-4), it may be noted that the
latter contains an aternate ssimplified agorithm, as indicated by the fina letter “S’ in the
support routines. This algorithm permits greater computer efficiency for those radionuclide
trangport cases in which the effects of variable density, dispersion, and convection may be
neglected within the rock matrix. For the primary variables, however, whose solution is
obtained in ITER, the variable-density effect should be quite important in most cases, and the
gpecid facility is unnecessary.

The final item depicting the program structure is Table 8-1. There the functions of the

major subroutines are given very briefly.

8.2 MATRIX SOLUTION
In terms of computational efficiency and storage requirements, the most important
routines invoked in the solution of the global equations are the matrix solvers. Asshown in

Figures 8-2, 8-3, and 8-4, two options are available, namely Gaussian elimination and
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Table 8.1.

Subroutine Function.

Subroutine Function

AMOODY Determines the Moody friction factors as a function of Reynolds number and
surface roughness so that frictional pressure drops within the wellbore may be
evaluated.

COEFF | Determines and outputs Darcy velocities.

COEFF2 Computes flow transmissibilities and implicit block-to-block convection terms.

COEFF3 Determines dispersion, heat and brine transmissibilities. explicit block-to-block
dispersion terms, and explicit salt-dissolution quantities.

CRSS Evaluates cross-derivative dispersion terms.

DCFCS Directs setup and factorization of coefficient matrix via SOLVE for the
dual-porosity blocks whenever a simplified solution for the radionuclide
concentrations is desired, i.e., whenever dispersion and convection are neglected
and a constant density is assumed for the rock matrix. Also performs some
initialization functions for the radionuclide solutions.

DCFC Calculates matrix transmissibilities and Darcy velocities and initializes radionuclide
variables for the rock matrix for each dual-porosity block.

DCOEF Calculates matrix transmissibilities and Darcy velocities and initializes
primary-variable increments for the rock matrix in the dualporosity blocks.

DDINT Interpolates linearly in one dimension to determine reference enthalpy.

DINIT Initializes the pressure, temperature, brine. and radionuclide concentrations in the
dualporosity blocks.

DINP Determines amounts in place in rock matrix for the primary variables.

DITCOS Sets up, in the dual-porosity blocks, the tridiagonal coefficient matrices for a
simplified solution of the radionuclide equations in which dispersion and convection
are negligible. Calls SOLVE to obtain matrix factorization for each dual-porosity
block.

DITC1 Directs set up of tridiagonal matrices via DMQC in those global blocks containing
dual porosity. Directs matrix factorization and forward elimination via SOLVE in
order to determine fracture/matrix coupling terms.

DITC1S Determines global sink terms, i.e., fracture/matrix coupling, with forward
elimination via SOLVE.

DITC2 Performs back substitution via SOLVE for each radionuclide equation for the
dual-porosity blocks in order to obtain the radionuclide concentrations within the
rock matrix.

DITR1 Directs set up of tridiagonal matrices via DMQ for the primary equations in those
global blocks containing dual porosity. Directs matrix factorization and forward
elimination via SOLVE to be performed in order to determine fracture/ matrix
coupling terms.

DITR2 Performs back substitution via SOLVE for each primary equation for the
dual-porosity blocks in order to obtain distributions of the primary variables within
the rock matrix.
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Table 8.1.

Subroutine Function (continued).

Subroutine Function

DITR3 Updates pressure, temperature, and brine concentrations for the rock matrix of
each dualporosity block.

DMQ Sets up tridiagonal matrices for the primary variables within the rock matrix.

DMQC Sets up tridiagonal matrices for the various radionuclide concentrations for the
dualporosity blocks.

DPRNT Outputs pressure, temperature, brine, and radionuclide concentrations for the rock
matrix.

DSC Evaluates primary-variable accumulation terms for the rock matrix in the
dual-porosity blocks.

DSCC Evaluates radionuclide accumulation terms for the rock matrix in the dual-porosity
blocks.

DWTENC Generates space-weighting coefficients for the rock matrix.

GAUSID Solves matrix equation for a I-D system by Gaussian elimination.

GAUS3D Solves matrix equation for 2-D and 3-D systems by Gaussian elimination.

HLOSS Integrates the heat-transport equations within the over/underburden.

INIT Initializes pressures and concentrations.

ITER Solves transient flow, heat, and brine equations by setting up matrix coefficients
and invoking matrix solution.

ITERC Solves transient-state radionuclide equations by setting up matrix coefficients and
invoking matrix solution.

ITERS Solves steady-state flow and brine equations by setting up matrix coefficients and
invoking matrix solution.

LEACH Calculates radionuclide sources from a repository based on initial inventory, leach
rate, decay and solubility.

LSORX Solves matrix equation using successive implicit solution of two neighboring lines
in an x-y plane directed parallel to the x axis.

LSORY Solves matrix equation using successive implicit solution of two neighboring lines
in an x-y plane directed parallel to the y axis.

LSORZ Solves matrix equation using successive implicit solution of two neighboring lines
in a y-z plane directed parallel to the z axis.

L2SOR Directs solution of matrix equations by the method of two-line--successive
overrelaxation.

MAIN Allocates storage and provides supervisory control of entire calculation.

MAP2D Prints 2-D contour plots of either pressure, temperature, or concentration.

MBAL Computes radionuclide material balance based on the initial material in place and
input/output to system.

ORDER Numbers nodes for direct Gaussian solution of the matrix equations using a D4
ordering scheme.
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Table 8.1. Subroutine Function (continued).

Subroutine Function

PRINT1 Echoes time-invariant input variables pertaining to geometrical, hydrological, and
geochemical characterization of the system.

PRINT2 Outputs fluid-flow results: well summary, material-balance summary, and profiles
of pressure, temperature, brine concentrations, and radionuclide concentrations.

PRODS Sets up both implicit and explicit well terms.

READO Inputs radionuclide-chain parameters, including distribution coefficients.

READOD Inputs dimensions for the dual-porosity variables and identities the global blocks
containing dual porosity.

READ1D Inputs geometrical, hydrological, thermal, and geochemical parameters for the rock
matrix in a dual-porosity simulation.

READ1 Inputs geometrical, hydrological and dispersion data. Calculates constant portion
of transmissibilities.

READIA Reads rock-type modifications and repository information, including solubilities.

READ2 Inputs time-variant fluid-flow, heat, brine, and radionuclide parameters, including
those for solution control, wells, and output control.

SCOEF Sets up matrix coefficients and load-vector terms arising from both time
derivatives and salt dissolution for use in ITER.

SRHC Determines load-vector terms for the radionuclide transport equations.

SRHP Determines load-vector terms for the pressure and brine equations.

SOLVE Uses the Thomas algorithm for factorization, forward elimination, and back
substitution for a tridiagonal matrix.

TCALC Determines temperature given the enthalpy and the pressures.

TODINT Interpolates linearly in two dimensions to determine reference enthalpy.

VISL Evaluates viscosity as a function of temperature and brine concentrations.

VISL1 Sets up viscosity-model parameters.

WELLB Implements the well-bore submodel to relate subsurface temperature and pressure
conditions to surface temperature and pressure conditions for both injection and
production.

WTFENC Computes spatial weighting parameters for either centered or backward
differencing in space.

D:\SWIFT\Theory_Fig.wpd
February 21, 2000

114




two-line successive overrelaxation. Whenever core storage is not limiting, Gaussian
elimination is usually the most cost-effective solution scheme. This consideration does depend
on the number of iterations required by the overrelaxation technique, as discussed in Section
8.2.2. If, however, the number of grid blocks desired is sufficiently large (greater than about
5000 grid blocks, then the overrelaxation technique is preferred.

In either event, the chosen matrix algorithm for the globa solution will be amajor
consumer of computer resources when compared to other routines. It istherefore appropriate

in this section to focus upon both of these options.

8.2.1 TwoO-LINE SUCCESSIVE OVERRELAXATION

A variety of point and block-oriented successive relaxation methods have been
developed. See, for example, Remson et al. (1971) and Varga (1962) and references cited
therein. We have tested single and multiline techniques, concluding that the two-line L2SOR
method is best. In terms of convergence, we found this method to be about 1.4 times as fast
asthe single-line LSOR and about twice as fast as point SOR. Further, for higher multiline
methods, the gain in convergence rate was usually lost by the increased work per iteration.
Thus L2SOR has been chosen for implementation.

In SWIFT for Windows the tour routines L2SOR, LSORX, LSORY/, and LSORZ are
used by this method (see Table 8.1). These routines perform basically three different
functions, namely (1) determination of the optimal overrelaxation factor, (2) orientation of the
two neighboring lines, and (3) iterative movement of these lines through the grid to achieve a
convergent solution.

Thefirst two functions are performed at intervals determined by the user-supplied
parameter IMPG (Reeves et d., 19864, p. 75). If, for example, IMPG = 5 (default value),
then the optimal relaxation parameters and the optimal directions are determined at the time
levelsn=1, 2,7, 12,... for each transport equation. In each case a spectral radius p; is
estimated for the two-line Jacobi matrix using an iterative procedure (see references cited
above). Our experience has shown that three to ten iterations provide an excellent estimate of

the spectral radius. The SWIFT for Windows code prescribes internally a maximum of
n, =10 (8-1a)
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Such iterations are subject to a tolerance of

t, =002 (8-1b)

for the spectral radius.
The optimal overrelaxation parameter w; is then estimated by the relation

2

W = ——— 8-2
LA+ 1+ (2

(See references cited above for aderivation of this equation.) Each time the program
calculates an overrelaxation parameter the result is printed together with the required number
of iterations (output parameters PARAM and ITNS). Subscript i in Equation (8-2) denotes
one of the three orientations allowed by the code, as given in Table 8.2 under LSORX,
LSORY, and LSORZ. Actually there are three other possible orientations. However, our

experience indicates that these additional orientations are unnecessary.

Table 8.2. Two-line orientation for the L2SOR method.

Orientation Direction of Lines Planes Containing Lines
X Parallel to x-axis All nodal planes z = constant
y Parallel to y-axis All nodal planes z = constant
z Parallel to z-axis All nodal planes x = constant

Once the optimal parameters w; are computed, the optimal direction i is chosen to be
that for which w, isleast. The algorithm then solves implicitly for two lines of nodes at atime,

treating all other nodes explicitly. Successive pairs of lines are taken until all nodes have been

included explicitly. By this method, an intermediate solution y~ isobtained. In accordance

with the method of successive overrelaxation, this intermediate solution at, say, iteration level

B + 1isthen coalesced with the solution at iteration level 3 in the following manner:

y b+l y b, W(y—b -y b) (8-33)
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where 1£ W £ 2. Inassessing the optimal orientation i for implicit solution, it was found

that instabilities in the convergence could be minimized if the extrapolation of Equation (8-3)

proceeded no further than that of the least over-relaxation parameter

W = mlin(wi) (8-3b)

To be specific, assume that the orientation x is chosen as the optimal direction. For a
given iteration level 3 + 1 solution begins for the z index K = 1 with simultaneous solution of
thetwolinesJ=1and J=2. Thepairsof lines (3, 4), (5, 6), ... are then solved. If the
number of lines n, is odd, then the K = 1 plane is completed by the solution of asingle line.
Of course, dl nodal values are updated as they become available. Solution then proceeds
through all planesK =2, 3, ... until the entire system is covered. Convergence is assessed

relative to a maximum number of iterations

n, = 100 (8-4a)

and atolerance

t, =107° (8-4b)

Both of these parameters are hard-coded at the above values in subroutine READ2, program
variables HK(5) and HK (7).

8.2.2 GAUSSIAN ELIMINATION

The Gaussian-elimination procedure used by SWIFT for Windows is based on the D4
ordering scheme of Price and Coats (1973). Basically, this method consists of two things,
namely an aternating diagonal ordering and a partial treatment of sparseness. This method
has been shown to reduce the computer time requirements of a standard ordering scheme by
factors ranging from two to six. With the D4 scheme the top half of the coefficient matrix
needs no elimination, and the variable band width of the lower half matrix may be exploited to
reduce the work still further.

To illustrate D4 ordering, the same 6 x 5 grid as that used by Price and Coats (1973) is
presented in Figure 8-5. Figure 8-5a gives the D4 ordering of the nodes, and Figure 8-5b

gives the standard ordering. Figure 8-6 then shows the corresponding matrices. As shown,
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the numbering of nodes is performed along alternating diagonals for the D4 method, and
numbering proceeds from the least dimension (y in this case) to the greatest (x). Theideais
to perform the numbering such that connected nodes have numbers which differ by at least
ng/2, where ng is the total number of nodes, or grid blocks. This procedure yields a coefficient
matrix which needs no Gaussian elimination for itstop half. After elimination of the elements
of the lower left-hand side, i.e., those enclosed in the lower dlipse, the fill, as indicated by the
zeros, produces a band about the lower half of the principal diagonal. This band has the same
half-width (n, =5, for this two-dimensional case) as that obtained directly from the standard
method. The D4 and standard orderings may be easily extended to three dimensions.

Two comments may be made with regard to the D4 storage requirements. First of all,
the elements enclosed by ellipsesin Figure 8-6a are treated by sparseness techniques and are
not stored in the coefficient matrix. Only the band of the lower right-hand submatrix of order
ng/2 is stored. Since the maximum band widths are equal for D4 and standard orderings, the
storage requirement for the former is less than half that of the latter. For example, for a
square n, X n, system, the storage required by the D4 method is one-third that required for the
standard method. Secondly, because of geometrical considerations, it is frequently desirable
to block out certain portions of the finite-difference grid. An example of this procedureis
given in Figure 7-2. Such unused areas are indicated in the SWIFT input by a zero pore
volume. These regions are recognized internally by the code, and the coefficient matrix is
then condensed automatically so that these nodes are removed. Thus such unused areas
require negligible amounts of core storage.

With regard to time requirements, Price and Coats compare the direct method using
D4 and standard ordering to severa iterative techniques. For the direct techniques, they find
that the work required is

W, » fon, (ny nf) (8-5a)
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Figure8.5.  Numerical Grids Ordered by the D4 and Standard Methods.
5 22 10 27 14 30
Hr =5
4 8 B 23 11 28 15
5 2 19 7 24 12 29
5 16 3 20 8 25 13
5 1 17 4 21 9 26
1 3 4 ne==6
(a) D4 ordering
5 10 15 20 25 30
ny==5
4 4 g 14 19 24 29
5 3 8 13 18 23 28
2 7 12 17 22 27
2 4
: 1 6 11 16 21 26
1 3 4 Ny =6
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(b) standard ordering
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Figure8.6.  Coefficient Matrices Resulting from D4 and Standard Orderings. The
encircled matrix elementsin (a) are not stored in the Coefficient Matrix.
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For standard ordering f isunity. For D4 ordering f, is about 0.3 in value. Thus, the D4
method, in general, is about three times as fast as the standard method.

For the iterative techniques the work required is

W, » ¢,N;;n,n,n (8-5b)

xtlytlz

The work required per iteration ¢, is given in Table 8.3 for several different techniques.
Furthermore, the critical iteration number N, is also given, for which the work required is the
same for both D4 and the iterative technique. The iterative techniques considered are the SIP
(strongly implicit) method of Weinstein et al. (1969), the ADI (alternating direction) technique
of Peaceman and Rachford (1955), and Douglas and Rachford (1956) and the L SOR method
of Young (1954). The basic conclusion from the above table is that for nominal band widths
(nyn,) of roughly 40, the D4 solution is equivalent to about 44 LSOR iterations. Thus, if more
than 44 iterations are required, the direct solution is faster.

Table 8.3. Work requirements for iterative methods.

Method Required Work, C, Critical Iteration Number N,
SIP 37 0.0081 (n,n,)?
ADI 28 0.0107 (n,n,)?
LSOR 11 0.0272 (n,n,)?

The SWIFT for Windows code permits either D4 Gaussian elimination or L2SOR
iterative solution. Asarule of thumb, for the scalar implementation used by SWIFT for
Windows, it is suggested that L2SOR, which is roughly equivalent to LSOR, be used if the
minimum multiple of n,, n,, or n, for any two dimensionsiis greater than about 50. Nolen et al.
(1981) discuss the vector implementation of direct and iterative techniques for two Control

Data Corporation computers with built-in vector processors.
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9 NOTATION

9.1 ROMAN SyMBOLS

a thickness of a representative prism or radius of a representative sphere of the
rock matrix

explicit portion of g
explicit portion of e,

explicit portion of e,

> p o p

grading factor both for generating radial mesh in the global system and for
generating mesh in the loca (matrix) system

i defined parameters with i = 1, 2 used for preliminary Gaussian elimination of
the salt-dissolution terms

Ay salt dissolution constants used for fluid (X = W) and brine (X = C)

A,  accumulation parameters used in the numerical solution of radionuclide
eguations

implicit portion of e
implicit portion of e,

implicit portion of e,

w g F o

viscosity parameter

o8]

. scaling parameter for cumulative water flow, used in unsteady-state aquifer
model

B, defined parameterswithi =0, 1, ..., 4 and used for preliminary Gaussian
elimination of the salt-dissolution terms

Cc coefficient for increase in fluid density with increasing brine content

o} required work parameter for iterative solution techniques
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specific heat of the fluid

specific heat of the rock (single porosity) or of the fracture-fill material (dua
porosity)

specific heat of the rock matrix

modified specific heat

compressibility of the pores (single porosity) or of the fractures (dual porosity)
compressibility of the matrix porosity

coefficient of thermal expansion

compressibility of the fluid

concentration of inert contaminant

coefficients of the mathematical matrix pertaining to a given block, where the
indices refer to radionuclide (i, ] = 0) , brine (i, j = 1), heat (i, ] = 2) and
pressure (i, j = 3)

matrix coefficients similar to C;

matrix coefficients similar to C;

injected brine concentration

injected radionuclide concentration

concentration of radioactive (trace) components

dispersion/diffusion tensor

dispersion coefficient within the rock matrix

molecular diffusion
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molecular diffusion within the rock matrix

molecular diffusion within the rock matrix at the reference temperature

boundary flow rate into the reservoir arising from amodel of the aguifer which
surrounds it

dimensionless boundary flow rate corresponding to e,
boundary heat transport to over/underburden
boundary radiation transport

Dirichlet boundary condition for fluid (X = W), heat (X = H), and brine (X =
C)

scaling parameter for the boundary flow rate, used for the steady-state aquifer
model

dispersion or conduction/dispersion tensor for heat (X = H), brine (X =C) or
radionuclide (X = C) within the global system

dispersion or conduction/dispersion coefficient for heat (X = H), brine (X = C),

or radionuclide (X = C) within the local (rock-matrix) system

lumped tensor corresponding to EX for heat (X = H), brine (X = C), or
radionuclide (X = C) within the global system

friction factor for wellbore flow
fraction of solubles to total solid mass in salt-dissolution model

work parameter for direct matrix solution (equals unity for a standard nodal
ordering)

pipe roughness factor for wellbore model
time-dependent form factor for heat flow to the formation from the wellbore

acceleration of gravity
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0. units conversion factor equal to g for the English system and equal to unity for
the SI system

h  depth

hp depth of datum below reference plane

h, depth from reference plane to point of the initial-pressure specification
h; heat-transfer coefficient

hy depth from reference plane to top center of gridblock (1, 1, 1)

H fluid enthal py

H, enthapy of injected fluid

it iteration index

| unit tensor

k permeability tensor for the global system

k' permeability coefficient for the local (matrix) system

ke rate constant for salt dissolution

' equilibrium adsorption distribution coefficient for the rock matrix and

radionuclider
K, fractional allocation factor
K product of branching nuclide and daughter-parent mass fraction
K, thermal conductivity for annular region between tubing and casing

Kg thermal conductivity of casing

K heat conductivity tensor for fluid and rock (single porosity) or fluid and
fracture-fill material (dual porosity)

K'_ heat conductivity of fluid and rock for the rock matrix
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K' equilibrium retardation factor for the matrix and radionuclide r

Kg thermal conductivity of the formation surrounding the wellbore

K, hydraulic conductivity of the skin surrounding a well

K, thermal conductivity of tubing wall

Kw  thermal conductivity of the wellbore fluid

Ko hydraulic conductivity

L length of wellbore from top-hole (surface) to bottom-hole elevation

m grid-block index

m, density of radioactive waste, i.e., mass of nuclide r per volume of waste
M mobility (sameasM,,)

M,  mobility used for steady-state aquifer model

M,p, dimensionless mobility used for steady-state aquifer model

My implicit portion of Qy

MX implicit portion of (SX

Mo  number of matrix units (prisms or spheres) per globa grid block
Ng total number of grid blocks

n, number of incrementsin a given direction, wherei =X, y, or z
ng number of nodes within the matrix

ng number of iterations used to determine the solution by the method of two-line
successive overrelaxation (maximum of 100)

n, number of iterations used to determine the spectral radius (maximum of 10)
N number of parent radionuclides
N number of iterations for matrix solution
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Ny, critical iteration number for which direct and iterative matrix solution require
equal work

p pressure

Pon calculated bottom-hole pressure
Py, Specified bottom-hole pressure

Po dimensionless pressure used in aquifer models
P, initial pressure at depth h,
p, total dynamic potential

Po reference pressure for system, initial pressure for the unsteady-state aquifer
model and aquifer boundary condition for the steady-state aquifer model

P, terminal-rate influence function, used for unsteady-state aquifer model
P Prandtl number

o} rate of fluid withdrawal

Ow radionuclide source due to waste leaching

Ox sink/source other than awell for fluid (X = W), heat (X = H), brine (X = C)
and radionuclide (X =)

do explicit term of fluid withdrawal rate

ag® specified rate of fluid withdrawal

Qy mass-specific heat 1oss from the wellbore (also see Q, below)

Q terminal-pressure influence function used for unsteady-state aquifer model

Qx total sink term, excluding boundary conditions for fluid (X = W), heat (X = H),
brine (X = C), and radionuclide (H =r)

Qo explicit portion of Qy
Q, total sink term, including boundary conditions, for flow (X = W), heat (X = H),
brine (X = C), or radionuclide (X =r)
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explicit portion of Q,
radius
equivaent grid-block radius

grid-block edge for cylindrical coordinates
dimensionless radius used in aquifer models
externa radius of reservoir used in aguifer models
outer casing radius

inner tubing radius

externa radius of aquifer used in aquifer models
inner tubing radius

outer tubing radius

radius of wellbore

radius of skin

brine source rate due to salt dissolution

fluid source rate due to salt dissolution

Reynolds number
base-10 logarithm of Reynolds number

source term for release of nuclides from the waste matrix, i.e., mass of
radionuclide per bulk volume per time

load-vector terms used in numerical analysis of primary and radionuclide
equationsin a particular grid block for fluid (X = W), heat (X = H), brine (X =
C), and radionuclide (X =r)

load-vector terms similar to Ry
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load-vector terms similar to Ry

load-vector terms similar to Ry

one-dimensional coordinate for the rock matrix measured from reflection
boundary toward fracture/matrix interface

saturation for free water surface
mass of undissolved radionuclide per bulk volume
free water surface block saturation

load vector terms used in the numerical analysis for heat (X = H) and brine
(X=0C)

storage required for a standard matrix ordering
storage required for a D4 matrix ordering

time

total leach time

time of initiaization of leach process
dimensionless time used in aquifer models
time-scaling variable used in aquifer models

temperature

net parallel-coupled transmissibility for an x-z column of grid blocks used in
specifying the initial pressure from a prescribed velocity in the x direction

net series-coupled transmissibility in x direction used in specifying the initial
pressures from a prescribed velocity in the x direction

Temperature at outer edge of casing
initial temperature

ambient temperature of rock surrounding wellbore
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temperature of fluid inside tubing

transmissibility tensor for fluid (X = W), heat (X = H), brine (H = C), or
radionuclide (X = C)

transmissibility coefficient within the rock matrix for fluid (X = W), heat (X =
H), brine (X = C), or radionuclide (X = C)

reference temperature of system, interface temperature between system and
over/underburden and surface temperature for radiation model

magnitude of u
Darcy flux vector
average Darcy velocity

mass-specific internal energy of the fluid
heat-transfer coefficient from inner wellbore radius to the formation
heat-transfer coefficient from inner wellbore radius to outer G casing radius

mass-specific internal energy of the rock (single porosity) or of the fracture-fill
material (dual porosity)

mass-specific internal energy of the rock matrix (dual porosity)

mass-specific interna energy of the fluid at reference fluid conditions
interstitial velocity

pore volume

drainable freewater surface pore volume

aquifer pore volume used for pot aquifer model

rock volume

weighting factor for time integration
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W work required for solution of a matrix equation via either direct (subscript D)
or iteration (subscript 1) technique

W,  cumulative water flow used for unsteady-state aquifer model

W,  solid-phase concentration of radionuclider

W,  solid-phase concentration of radionuclides

Wl well index

x,y,z Cartesian coordinates

Y load vector used in the numerical analysis which contains only the incremental
changes in the transport terms for fluid (X = W), heat (X = H), brine (X = C),
and radionuclide (X =)

Z, interpolation node locations for the initial temperature

Zy load vector similar to Y used in the numerical analysis which contains only the
incremental changesin the transport terms for fluid (X = W), heat (X = H),
brine (X = C), and radionuclide (X =r)

9.2 GREEK SYMBOLS

o, geometrical allocation factor used for aquifer-influence functions

o, longitudinal dispersivity

Oy transverse dispersivity

B coefficient of surface heat transfer for radiation boundary condition

g,g space-weighting factors

v* Euler constant (0.57722 ...)

I’y total lossto the rock matrix for fluid (X = W), heat (X = H), brine (X = C), or
radionuclide (X =)

G, Sourceto the rock-matrix unit for fluid (X = W), heat (X = H), brine (X = C),
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and radionuclide (X =)
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explicit term for loss to the rock matrix for fluid (X = W), heat (X = H), brine
(X =C) or radionuclide (X =)

explicit source term for the rock matrix for fluid (X = W), heat (X = H), brine
(X =C), and radionuclide (X =r)

denotes incremental variable change over atime step, e.g., Op, 0T, dC’, and
oC

fractional changesin molecular diffusivity per degree rise in temperature
Kronecker delta

differencing operator for the i-th direction wherei = x, y, or z

thickness

changein total head

gpatial increment in s

time increment

gpatial increment in x; wherex,; =X, X, =y, and X; = z

emissivity of radiative surface

convergence parameter for fluid (X = W), heat (X = H), brine (X = W), heat
(X =H), brine (X = C), and radionuclide (X =r)

lumping parameter for the dispersion tensor

Freundlich isotherm parameter

matrix transport parameter related to hydraulic conduction (X = W), thermal
conduction dispersion (X = H), and diffusion-dispersion (X = C)

dope of systemin x direction
dope of system iny direction

black-body temperature controlling radiation
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K Freundlich isotherm parameter
kK modified Freundlich isotherm parameter

Kg thermal diffusivity of rock surrounding the wellbore

A decay constant

M viscosity

Mg viscosity parameter

% generalized Darcy flow
p fluid density

P fluid density at reference temperature and pressure and unit brine
concentration

P; spectral radius of the Jacobi matrix for lines oriented in the direction i

[oN fluid density at reference temperature and pressure and zero brine
concentration

Pr formation density
P,  Vvolumetric waste dengity, i.e., volume of waste per bulk volume
Po fluid dengity for the initial conditions

0} area

Stefan-Boltzmann constant

o

T radioactive haf-life
T shear-stress term for wellbore flow
T, tolerance parameter for establishing convergence for the state variables

Tp tolerance parameter for establishing convergence for two-line successive
overrelaxation (10°°)
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T, tolerance parameter for establishing convergence of the spectral-radius
calculation (0.02)

[0} porosity
do porosity at the reference pressure
X friction-factor exponent for the transition zone

y generalized state variable or time-dependent function

intermediate state variable obtained in method of successive overrelaxation

<1

minimum overrelaxation factor

=

W, overrelaxation factor for line orientation i
interpolate for evaluating state variables at grid-block interfaces X

Q, implicit parameter for loss to rock matrix for fluid (X = W), heat (X = H),
brine (X = L), and radionuclide (X =)

W, implicit matrix source term for fluid (X = W), heat (X = H), brine (X = C), and
radionuclide (X =r)

9.3 SUBSCRIPTS
A aquifer
C brine
D dimensionless

fw freewater surface

H heat or enthal phy

r radioactive component
R rock formation

w radioactive waste
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w water or fluid

X generalized subscript denoting fluid, heat, brine or radionuclide
9.4 SUPERSCRIPTS

it iteration index

n time-step indicator

o index for inner wellbore iteration on enthal py equation
B index for intermediate wellbore iteration on pressure equation
Y index for outer wellbore iteration on boundary conditions
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